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A SENSITIVE MODIFICATION OF THE QUADRANT 
ELECTROMETER: ITS THEORY AND USE. 


By A. H. Compton AND K. T. COMPTON. 


SYNOPSIS. 


New Quadrant electrometer of high sensitivity, with tilted needle and movable quad- 
rants. Principle. If the needle is given a slight tilt about its long axis and one 
pair of quadrants is raised or lowered a smail distance with respect to the other 
pair, electrical control forces are set up which add to or subtract from the restoring 
torque from the suspension. The theory of these forces is discussed, the equation 
giving the sensitiveness in terms of the potential of the needle and the geometrical 
arrangement of the quadrants is derived and the method of utilizing electrostatic 
control to the best advantage is described. Advantages: High sensitivity, nearly 
independent of the deflection, and quick adjustment of sensitivity through a great 
range. Results. By using a small needle, 4.5 mm. in radius, with a slight tilt, 
sensitivities as high as 60,000 mm. per volt have been obtained. Adjustments are 
difficult at these extreme sensitivities, but the electrometer can usually be used up 
to 15,000 mm. per volt without undue trouble. Practical suggestions are given 
regarding needles, suspensions and mirrors. 

Quadrant electrometer: needles of mica or aluminum. Technique. 

Quadrant electrometer sensitivity; summary of elementary theory. 


1. INTRODUCTION. 


F a quadrant electrometer is to be used for the quick and accurate 
measurement of small electric charges or small potential differences 

it should be very sensitive, it should be as nearly as possible equally 
sensitive over all parts of the scale, and the moving parts should come 
quickly to rest when a measurement is being made. If we consider 
certain possible means of securing high sensitiveness, we shall see that 
this may be obtained without unduly sacrificing either the uniformity 
of the scale deflections or the rapidity with which readings may be taken. 
According to the simple theory of the quadrant electrometer, if the 
needle is at a potential V and the two pairs of quadrants are at potentials 
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v, and vt respectively, the angle through which the needle is turned is 


given by 
RO = ky (v2 = 0) ( V- ate), 


where k26 is the torque exerted on the needle by the suspending fibre 
when twisted through an angle @ and k; = R?/rh, where R is the radius 
of the needle and h is the distance from the lower to the upper side of 
the quadrants. In practice, the term (v2 + v;)/2 may nearly always be 
neglected in comparison with V, so that the sensitiveness is directly pro- 
portional to the potential of the needle. As long as V remains com- 
paratively small this expression is found to be accurate, but when the 
potential of the needle is large, another term, which is approximately 
proportional to V?@, becomes of prominence. We have then! 


k20 = ky V(v2 - 0) “— k3V70, 


and the sensitiveness is 


eo Vv te) 
t— 1 ke + kV?" | : 


$= 





With a given suspension the quantity ke is constant, but it is possible to 
vary ks over a large range of positive and negative values by changing 
the geometrical arrangement of the electrometer needle and quadrants. 
When ; is positive, the needle is held in more stable equilibrium, and 
there is said to be a “‘ positive electrostatic control’’; when k; is negative, 
the needle is held less firmly in position, and there is said to be a “‘ negative 
electrostatic control.’”’ It is evident that, by adjusting the quantity 
k;V? until it is opposite in sign and nearly equal to ke, any desired degree 
of sensitiveness can be attained. 

If, as is usually the case in practice, the two pairs of quadrants are 
not connected directly to a battery, but one pair is connected to an 
insulated system whose gain of charge is to be measured, there is another 
factor, called the ‘‘inductional electrostatic control,’’ which has to be 
considered. - This control is due to the difference of potential between 
the quadrants which is set up when the electrometer needle moves 
from one into the other. The torque produced by this effect is always 
in a direction to resist the motion of the needle, and may be written as 
— k,4- V?/C-0, where the constant k, depends on the construction of 
the electrometer and C is the capacity of the system connected with the 


1Cf., e. g., R. Beatty, Electrician, 65, p. 729, 1910 and 690, p. 233, 1912; or Makower and 
Geiger, ‘‘ Practical Measurements in Radioactivity,” p. 6. 
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insulated quadrants.! The sensitiveness in this case is 


8 kiV 
Vg — V1 





Se 


=- ’ (2) 
y? 
ka + hsV? + hae 


where v2 and v refer now to the potentials of the quadrants before the 
needle moves from its zero position,—or their potentials if the needle 
were prevented from turning. Thus the sensitiveness when one pair of 
quadrants is insulated is always less than when both are at definite 
potentials. It is still possible to adjust k; in such a manner that the 
needle borders on instability and the sensitiveness becomes very great, 
but there is now the difficulty that when the insulated quadrants are 
grounded the term k,4-V?/C vanishes and, if k;V? is greater than ke, 
the needle becomes unstable. This difficulty need not be serious, 
however, if it is possible to adjust k; quickly over a sufficiently large 
range. In any case, the sensitivity is increased by the introduction of 
the ‘‘negative electrostatic control’’ term k;V?. 

In order to use a quadrant electrometer at its maximum sensitiveness 
it is therefore essential to be able to vary the electrostatic control readily 
over wide limits. A number of practical means of obtaining an adjust- 
able electrostatic control have been discussed by Beatty,? and one of 
these has been used by Parson® in his highly sensitive electrometer. 
When the needle of Parson’s electrometer is in its zero position it rests 
over a slit, whose width can be varied at will. The slit has the effect 
of repelling the needle, so that by widening the slit the needle may be 
made to approach a condition of instability. The trouble with this 
arrangement is that the force on the needle, due to the slit, is not pro- 
portional to the angle through which the needle has turned, and the 
sensitiveness therefore varies over different parts of the scale. Thus, 
while the electrometer is well adapted to ‘‘detection”’ and use in measure- 
ments by a compensation or “‘null’’ method, it is not so suitable to use 
in the usual work where deflections are measured. 

We have found that an electrostatic control may be obtained by 
slightly tilting the electrometer needle about its long axis, and at the 
same time moving one of the quadrants a little above or below the plane 
of the other quadrants. This type of control possesses the important 
advantage of giving nearly constant sensitiveness over a large range of 
deflections and of permitting quick adjustment to any desired amount 
of control, either positive or negative. 

1 J. J. Thomson, Phil. Mag., 46, p. 536, 1898; Makower and Geiger, loc. cit. 


2 Loc. cit. 
3 A. L. Parson, Puys. REv., VI., p. 390, I9I1S. 
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2. THEORY. 


Let one pair of quadrants be displaced vertically a distance 6 with 
respect of the other. The needle is suspended with its center at a 
distance p above the horizontal plane of symmetry and is tilted about 
its long axis so that its slope with respect to the horizontal plane is s. 
Evidently, as the needle deflects through an angle 6, it approaches the 
sides a and c (Fig. 1) and recedes from the sides b and d of the quadrants, 
the effect being to change the capacity of the system and therefore to 
give rise to forces tending to produce or resist further deflection. The 
magnitude of_these forces, which combine to produce the electrostatic 
control, we shall proceed to calculate. 












































Fig. 1. 


Consider first that portion of the needle lying between distances r and 
r + dr from its center. The distance D between this element and the 


edge of the side a is 
h-6 

D= — + p— sré, 

where s is the slope dD/rd@ of the needle and 6 is the angle of deflection 
of the needle from its zero position. The change in the charge induced 
on the side a by that part of the needle between r and r + dr in turning 
through an additional infinitesimal angle d@ is dg = ordédr. The 
surface density o is, by Coulomb’s law, ¢ = (V — v)/47D, where V is 
the potential of the needle and »v, that of the side a of the quadrant. 
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Thus 
dq V —_ 


do h 6 
sr (4-24 9-7) 


2 





rdr. 


The change dW in the potential energy of this part of the system is 
dW = 3(V —,)dg. Thus 
dw dq 
oe ey | 
dT, = rT, 3(V %) 39 
is the torque exerted on the portion of the needle considered by the 
side a. The total torque exerted on the needle by the side a is therefore 


Tr. = a (V — )?rdr 
* Jo 4r(h — 6 + 2p — 2576)’ 





which, when integrated, takes the form of the rapidly converging series 
_ R(V — 0)? | 4 I 48 Rsé 
— 167 2(h —6+2p) ' 3(h — 6 + 2p)? 
16 Re 4 | 
4 (h — 6 + 2p) 


The torque due to the other faces may be similarly calculated, whence 
the total torque due to both ends of the needle is 


T= 2(T7.+ 7+ T. + Ta), 


which may be written in the most convenient form by grouping separ- 
ately the coefficients of different powers of 6. Neglecting the term in 
(ve + v,)/2 in comparison with those in V? and V(v2 — 11), we have 








T. 








2 


raEl vn—o[(1+Seahe--)4--] 


5 5? 
+ v| 92 (4 +25+8e4-) 


8Rsé 5° P 
+5 (1 +2 pts mt So 


. 64R's°5 & P 
+ oe (r+sp+20%4--)o4-- |f, 
which may be written 


T= ki V (v2 —_ 1) — k'V?6p _ k;V70 —_ k;V76. 


This equation for torque due to electrical forces includes all terms whose 
influence on the action of an electrometer of the type discussed may be 
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detected. The values of the important constants k; and k; may be taken 
to be 

8R's6 64.R's*5 
= 3ah® and k= 5 mh’ 





ks = ’ (3) 
and it is to be noted that both must have the same sign. 

In equilibrium, this torque must be balanced by that due to the 
suspension, 7. é., 


koO = ki V(v2 — v1) — Rk’ V*5p — ks VO — k; V6. (4) 


The term — k’V°6p is of interest because it shows the cause of the 
deflection from the zero position generally observed when the needle 
is charged while the quadrants remain grounded. Other possible causes 
are contact difference of potential between the quadrants due to solder 
or imperfect “‘finish”’ and a tilt of the needle about its short axis,—this 
being equivalent, as far as the equation is concerned, to a change of @. 
With care in construction these latter causes are not effective. In order 
to use the electrometer, this zero deflection must be prevented, which 
can be done by reducing either » or 6 to zero. It is advantageous to 
adjust » rather than 6 to zero, for by so doing the values of the constants 
k; and k; are not appreciably affected. If the zero shift is thus eliminated 
for one potential V of the needle, it should not appear for any other 
needle potential unless one or both of the other causes of zero shift are 
effective. Therefore, when the height of the center of the needle is 
adjusted to its position (p = 0) of symmetry between the quadrants, 
as judged by the absence of zero shift, the term k’ V*5p of equation (3) 
vanishes and we obtain for the sensitiveness 


6 kV 
Dy — 0 he + Rs V? + Ry VO* (5) 








S= 


If 6 and s are of the same sign, as in Fig. 1, k3 and k; are negative 
and the sensitiveness is increased, 7. e., there is a negative electrostatic 
control. Similarly if 6 and s are of opposite sign, the electrostatic 
control is positive. Thus, with a given inclination of the needle, the 
control can be varied through wide limits by moving one pair of quadrants 
up and down. In practice we have used three of the quadrants in their 
position of symmetry, in which case the constants k3; and k; have just 
half the values assigned in equations (3). With negative control, it is 
theoretically possible to obtain any sensitiveness between zero and 
infinity, while with positive control there is, for any given value of the 
constants, a maximum sensitiveness given by placing the derivative of S 
with respect to V equal to zero. If we neglect the term in ks, which is 
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very small and does not take a value until the needle has deflected, we 
obtain for the maximum sensitiveness under positive control 
_ ki fhe 
+ max ~ 2he ks 
when (6) 


he 
Va = tt 


Practical difficulties of a mechanical nature prevent the attainment of 
infinite sensitiveness under negative control. These difficulties will be 
discussed later. 

When the electrometer is thus made very sensitive a relatively long 
time is required for the needle to come to its position of equilibrium. 
While the needle is in motion, the air resistance is proportional to the 
linear velocity of the needle, to its area, and approximately inversely to 
the distance between the needle and the quadrants. The torque due to 
air damping may therefore be written kg-R‘/h-d@/dt, where d6@/dt is the 
angular velocity of the needle. If J is the moment of inertia of the 
needle, the equation of its motion is therefore 

h dt dt? 

By using needles made of thin mica sputtered with platinum (suggested 
to us by Professor Pegram of Columbia University) or made of thin 
aluminium leaf, the moment of inertia term may be made negligibly 
small in comparison with the other terms. In this case the time T re- 
quired for the needle to return to zero after a deflection is evidently 
approximately proportional to 


ki V(v% as v1) - (Re + k3V? + k;V76")0 = 





9 keR! 
do h(ke + k3V? + k; V26") 
dt 
= 5 FeRS _ rheRIS 
hkiV iil 


by definition of the constant k;. Thus 


and (7) 


Equations (7) illustrate the well-known fact that the most advantage- 
ous combination of high sensitiveness with short period may be attained 
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with small needles. The lower limit to which the needle may profitably 
be reduced is limited only by the fact that the needle must turn a mirror 
of sufficient size to give a well-defined spot of light on the scale. By 
taking into account the resolving power of the mirror, it can easily be 
shown that the minimum potential difference which can be detected is 
proportional to 1/R instead of to 1/R*, if dimensions of needle and 
mirror are maintained in a constant ratio. For detecting charge, there 
is further advantage in reducing the size of the needle and quadrants 
because the capacity of the electrometer is roughly proportional to the 
linear dimensions of the needle and quadrants. 


3. DESIGN. 


Equations (5) and (7) give us information essential to the design of 
an electrometer to operate in the most satisfactory manner. We have 
used the electrometer in two sizes, one with a needle of 7 mm. radius 
and the other with a needle of 4.5 mm. radius. The former is rather 
easier to operate and adjust, while the latter gives greater sensitiveness 
for a given period. For very delicate work the size can be profitably 
reduced still further, and we understand that this has been done by 
Professor Pegram. 

As to the use of the electrostatic control, there are a number of factors 
to be considered. The presence of the term k; V°é@ in equation (5) shows 
that the sensitiveness is not the same for all values of @, 7. e., over all 
parts of the scale, though this term is not important except at very high 
sensitivities. It always tends to increase the control, whether positive 
or negative, as the electrometer deflects from the zero position. Thus, 
with positive control the sensitiveness decreases as the needle deflects 
from zero, and the needle cannot be put into unstable equilibrium. 
With negative control the sensitiveness increases as the needle deflects 
from zero and, if the deflection is too large, the needle may move past 
the point of instability and turn through an angle of 90° to a new posi- 
tion of equilibrium under positive control. Thus the size of the scale 
deflection which can be used decreases as the sensitiveness increases. 
This is a disadvantage, but it need not be serious if the design is guided 
by the following considerations. 

Since these difficulties are due to the term in k;, they are reduced to a 
minimum by reducing k; in relation to ks. By equations (3) it is seen 


that the ratio 
ks 24R?s? 


ks =o? 


It is therefore advantageous to make the tilt s of the needle small and 
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the height h of the quadrants large. In other words, the desired amount 
of electrostatic control, given by the term k;V*, may be most advantage- 
ously obtained with a small tilt s of the needle and a relatively large 
displacement 6 of the quadrant. In an actual case in which ks was about 
ten times larger than k;, the action of the electrometer was apparently 
independent of the &; term for sensitivities below 15,000 mm. per volt, 
was not seriously disturbed up to 30,000 mm. per volt for deflections less 
than 100 mm., while at 60,000 mm. per volt the influence of this term 
was so serious. that the electrometer could only be used as a “‘null”’ 
instrument. 

Furthermore it is doubly advantageous to have both k; and k; small, 
so that the high sensitiveness arises largely from the term ki/k2-V. In 
the first place the high sensitiveness is then reached with little dis- 
turbance from the k; V6" term and in the second place the greatest sensi- 
tiveness in relation to the period is obtained owing to the larger value 
of V attainable, as shown by equation (7). It is better, therefore, to 
use a suspending fiber whose constant ke is sufficiently small to permit 
the attainment of fairly high sensitiveness without electrostatic control 
and then to attain very high sensitiveness by applying a small negative 
control than to neutralize the torque of a strong fiber by a very strong 
control. 

It is best, therefore, to use a fairly delicate suspension, to give the 
needle only a slight tilt and to displace the quadrants only enough to 
make the electrostatic control important for relatively high potentials 
of the needle. For example, we usually use a sputtered quartz suspension 
of such size that the little hook cemented on its end will oscillate with a 
period between 0.5 sec. and 1.0 sec. The needle is given just enough tilt 
to be detected by inspection. The movable quadrant is displaced about 
0.15 mm. in the direction to produce negative control. Under these 
conditions extreme sensitivities are reached with needle potentials of 
75 or 100 volts. If the electrometer is to be used at high sensitivity for 
work where the quadrants are to be insulated for considerable periods 
of time, as in getting a continuous photographic record of an X-ray 
spectrum, it is better to use a very fine suspension and slight positive 
control, for the zero position of the needle is then more stable. 

The remaining features in the design of an electrometer of this type 
are obvious: a convenient means of adjusting the height of a quadrant 
from outside of the electrometer case and a means of adjusting the 
height of the needle while the potential source is connected with it. 
Both adjustments must be delicate and free from “lost motion.”’ 
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4. TypPIcAL RESULTs. 


Figs. 2 and 3 show the action of the electrometer with various degrees 
of positive and negative control, respectively. Each represents results 
obtained with a given suspension and a given tilt of the needle—the 
various degrees of control being obtained by adjusting the moveable 
quadrant. If equation (1) is written in the form 


aV 


S= Tor ®) 


the constant } determines the “‘electrostatic control.”’ 
Curves 1, 2, 3 and 4 are all coincident at the origin where, obviously, 
the “control’’ term vanishes. The straight dotted line represents a 
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Fig. 2. 


condition of zero electrostatic control in which the sensitiveness is strictly 
proportional to the potential of the needle. This condition was not 
quite reached in the measurements shown in curve z. Curve 2 was 
obtained by raising the moveable quadrant 0.08 mm., 7. e., a quarter 
turn of the adjusting screw, and readjusting the height of the needle. 
Curves 3 and 4 indicate further increased amounts of “‘control.”” The 
numbers above the curves represent the period of swing, being the 
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time required to come to within I mm. of the resting point after a 50-mm. 
deflection. It is seen that the period is independent of the sensitiveness 
when there is no electrostatic control, but decreases as the control 
increases. 

Curves 5, 6, 7, 8, 9 represent various degrees of “‘negative control,”’ 
using a stronger suspension than was used in the experiments on “ positive 
control.”” In this case curve 5 represents zero control, curve 6 the control 
obtained by lowering the moveable quadrant 0.08 mm., etc. In each 
case there is a critical potential V. above which the needle cannot be 
kept in equilibrium and near which the sensitiveness is very high. This 
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unstable condition is approached very rapidly when the control is strong 
as shown in curve 9, where an increase of one fourth volt in the needle 
potential 24 volts would double the sensitivity. In such a condition 
the needle is very hard to adjust and is sensitive to movements of the 
support. For this reason also it is best in practice to use relatively small 
electrostatic control and relatively high needle potentials, as in curve 6. 
The highest sensitiveness at which the zero point was sufficiently steady 
to permit measurements to be made is indicated by a circle in each case. 
The figures below the curves give the times required to make half the 








96 A. H. COMPTON AND K. T. COMPTON. ao 


deflection, and show that most of the time of deflection is taken up with 
the final slow drift. 


In both sets of curves the solid curves represent graphs of equation (8), 
with values of the constants indicated in Table I. The constants were 

















TABLE I. 
Curve. a. é Vv i. Curve. a. b Vv , : 
1 | 245.0 0.000004 | 6 23.7 | — 0.000152 | 81.2 
2 | 245.0 0.000085 ! 7 23.7 | — 0.000279 | 59.7 
3 | 245.0 0.000355 | 8 23.7 | — 0.000475 | 45.8 
4 | 245.0 0.001650 | 9 23.7 | — 0.001650 | 24.6 
5 23.7 0.000000 | «o | | 





























chosen to give best agreement with the experimental measurements, 
which are recorded as dots. The needle was of 4.5-mm. radius, in 
quadrants of 6.5 mm. radius. The capacity of the instrument was 
10.4cm. Exactly similar curves were obtained with a larger instrument 
with a needle of 7-mm. radius and a capacity of 12.5 cm., except that 
the periods of swing were somewhat longer. 


5. PRACTICAL HINTs. 


Needles.—We have used mica and aluminium leaf needles, the former 
being more difficult to make but more satisfactory in operation because 
of greater rigidity and less air-damping. The mica needles are cut from 
the thinnest mica by scratching with a sharp needle around the outline 
of a brass template, cut to the desired shape and pressed firmly on the 
mica sheet. The fine wire stem is fastened to the needle with sealing 
wax and the whole system rendered conducting by sputtering beneath a 
platinum cathode in vacuo. While sputtering, the stem must be sup- 
ported to prevent its falling over if the wax is softened by the discharge. 
An alternative procedure is to sputter the needle alone, then mount the 
stem with a touch of sealing wax, and make conducting contact across 
the wax by a tiny strip of gold leaf, cemented with india ink. The 
aluminium needles are easily cut from thin leaf held between a metal 
template and a flat piece of rubber, such as tire or shoe sole rubber, 
while a sharp-pointed knife blade is passed around the outline. The 
stem is mounted with soft wax, and is pressed against the needle so as to 
insure contact. This mounting and the adjustment of the “tilt” is 
facilitated by the use of a flat piece of metal which may be heated from 
underneath and against which the needle, held by the stem in a pair of 
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tweezers, may be pressed. If the needle is irregularly warped, difficulties 
may be encountered in making adjustments and securing uniform scale 
deflections. 

Suspensions.—Quartz fibers, I to 2 cm. long are mounted on platinum 
or silver hooks with sealing wax, and sputtered to obtain a conducting 
platinum coat. For use with ‘‘negative control,’’ these fibers should be 
the finest ones that can be drawn in the oxy-gas flame by the bow and 
arrow method, or the coarsest ones that can be drawn out by the flame 
itself. For use with “positive control,’ the very finest fibers may. be 
used, the limit being imposed only by the strength requisite for the 
support of the needle and mirror. The conductivity of the sputtered 
coat gradually diminishes and the suspensions usually require re-sputter- 
ing after about a year of service. If suspensions break, it is usually at 
the point of joining to the hook. They may then be easily repaired by 
dipping the end of the hook several times into india ink and then touching 
with the wet end the free end of the suspension. They are held together 
at once, and after drying for two or three minutes the suspension is 
apparently as strong as ever, and retains its conducting properties. 

Mirrors—When working at high sensitivity, the instrument is so 
much over damped that the moment of inertia may be made quite large 
' without appreciably increasing the period. Thus the mirrors may be 
larger than might be supposed. We use mirrors with as much as 10 
sq. mm. area on the 4.5 and 7.0 mm. instruments. 

Ease of Adjustment.—The most serious sources of difficulty appear to 
be irregularities in the needle or quadrants and contact difference of 
potential between quadrants. Thus with some instruments it is easy 
to reach 10,000 or 15,000 mm. per volt sensitivity and in others difficult 
to reach 10,000 mm. per volt, due to accidental differences in construction. 
Among the seven or eight instruments of this type in use in our labora- 
tories we have never had difficulty in obtaining 5,000 mm. per volt at 
the first trial, and usually count on being able to work between 5,000 
and 10,000 mm. per volt without trouble. At higher sensitivities more 
trouble is experienced with zero drift. Difficulty due to contact differ- 
ence of potential between quadrants may be identified by the failure to 
secure identical deflections from the zero, with quadrants earthed, when 
the sign of the potential of the needle is reversed, for this effect is pro- 
portional to the first power of the needle potential while all effects due 
to lack of symmetry depend on the square of the potential and are there- 
fore independent of its sign. If such contact difference of potential is 
found to be troublesome, it may be removed by cleaning or compensated 
by a small potential permanently applied to the ‘‘earthed’’ quadrants. 
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By taking the precautions suggested in this paper we have been able 
to employ to advantage sensitiveness as high as 50,000 mm. per volt, 
at 1 meter scale distance. 
Valuable suggestions in the design of the electrometer were made by 
Professor H. L. Cooke, to whom we are greatly indebted. 


A. H. C., RESEARCH LABORATORY, 
WESTINGHOUSE LAMP COMPANY. 

K. T. C., PALMER PHysICAL LABORATORY, 
PRINCETON UNIVERSITY. 
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TEMPERATURE DISTRIBUTION IN SOLIDS DURING 
HEATING OR COOLING. 


By E. D. WILLIAMSON AND L. H. ADAmMs. 


SYNOPSIS. 


Temperature distribution in solids; surface heated at uniform rate. Equations 
are derived for the following typical shapes: (1) Rectangular parallelopiped. (1a) 
Long rectangular rod. (1b) Very thin slab. (2) Cylinder. (2a) Long cylindrical 
rod. (3) Sphere. (4a) Cylindrical tube heated only outside. (4b) Cylindrical 
tube heated both inside and outside. (5) Spherical shell heated only outside. 
Results calculated from these equations are tabulated and in some cases shown 
graphically. These numerical results may be readily applied to the case of similar 
solids of any size and diffusivity. 

Temperature distribution in solids; surface suddenly cooled or heated. Equations 
are derived for the following shapes: (1) Rectangular parallelopiped. (1a) Long 
rectangular rod. (1b) Very thin slab. (2) Cylinder. (2a) Long cylindrical rod. 
(3) Sphere. The distribution inside a sphere at various instants is computed and 
also the temperature at the center of a slab, square bar, cube, long cylinder, and 
sphere as a function of the time. These numerical results may be readily applied 
to the case of similar solids of any size and diffusivity. 

Thermal diffusivity; method of measurement involving determination of tempera- 
ture-time relation at the center of a symmetrical solid whose surface is heated 
either at a uniform rate or very suddenly. The convenience of this method is 
pointed out, but practical details are not considered. The equations given are in 
convenient form for such uses. 


N deciding on the best methods of carrying out various operations in 
the manufacture of optical glass we found it necessary to have some 
idea of the temperature gradients in the pieces during heat treatment. 
While great precision in absolute magnitudes is generally of minor 
importance in such cases, the only way to gain insight into the question 
of the variation of the temperature differences with the shape and 
dimensions of the blocks and the method of heating is actually to work 
out numerical examples. 

While the authors’ main interest at the time was in the application 
to glass manufacture, the equations are perfectly general, as are also all 
the qualitative deductions made. The numerical computations can be 
applied to other cases with a very little manipulation owing to the fact 
that the only physical constant used (x, the so-called diffusivity constant), 
occurs, at least when it occurs in any complicated term, multiplied by 
the time. Hence the values of these terms for different substances are 
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the same at equal values of the product of the time by the diffusivity 
constant. 

The formulas given also indicate methods for the accurate determina- 
tion of the heat conductivity of solids. For instance, anticipating a 
little, one of the last equations is for calculating the temperature at the 
center of a cylinder which is initially at a uniform temperature and is 
plunged into a well-stirred constant temperature bath. The tempera- 
ture would not be appreciably disturbed by the presence of a small 
axial hole as the temperature gradient across the axis is zero. A thermo- 
couple may therefore be introduced and the temperature measurements 
made which serve to compute the constant required. 

The ordinary text-books! dealing with heat conduction indicate the 
necessary mathematical transformations for the discussion of the prob- 
lems, but there is a lack of actual detailed results available for practical 
reference. In the following pages will be found a synopsis of what we 
have found of actual use to us. 

Solids of the following shapes are considered: (1) Brick (rectangular 
parallelopiped). (1a) Rod of rectangular section, or brick with two 
opposite faces insulated. (15) Infinite slab, thin plate, or brick with two 
pairs of opposite faces insulated. (2) Cylinder. (2a) Rod of cylindrical 
section or cylinder with the flat ends thermally insulated. (3) Sphere. 

Two modes of heating are considered: (A) Heating of the surface at 
a uniform rate. (B) Sudden change of surface temperature, as, for 

, instance, by plunging the block into a constant temperature bath. 

In both cases the initial temperature is taken as being uniform 
throughout. 

MATHEMATICAL DISCUSSION. 
Nomenclature. 


6° = difference, from the initial temperature, of the point (x, y, z) at 
time ¢ seconds from start. 
x = diffusivity constant in cm.? per second. 
h = number of degrees that the surface changes per second. 
t = time in seconds. 
The forms? of the differential equations for heat conduction suggest 


I 1E. g., Ingersoll and Zobel, Mathematical Theory of Heat Conduction, Ginn & Co. 
| Byerly, Fourier’s Series and Spherical Harmonics, Ginn & Co. Carslaw, Introduction to 
Fourier’s Series and Integrals, Macmillan Co. 





? Case (1) wan(St+St+s) (1) 
2, 

Case (2) 5 «(Ss iets): [x radial, z axial] (2). 

‘Case (3) ae) - aed [x radial] (3) 
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that a likely solution may be made up of terms which are the product 
of an exponential function of the time and a trigonometrical function of 
the codrdinates except in case (2) which is likely to require Bessel’s 
functions. The values of such functions are, however, tabulated in 
readily accessible form and therefore it is a simple matter to compute 
particular examples when the equations are known. 


EGUATIONS FOR CASE OF LINEAR HEATING. 


In the case of linear heating of the surface, if the suggested form 
apply, the time term must be of the shape (1 — e~**) since 6 must vanish 
for ¢ = 0 and must approach a limiting steady state, as ¢ increases, in 
which all parts of the body change uniformly h degrees per second. 

Case 1.—Brick shape (rectangular parallelopiped).—In the discussion 
of this it is simplest to take the origin of codrdinates* at the corner of the 
block. Let 2a, 2b, 2c be the dimensions of the block. The conditions 
give 6 = 0 when ¢ = 0 and @ = ht over the surface (x = 0, x = 2a, 


y=0, y= 2b, 2 =0, z = 2c). The suggested form of solution is 
therefore 


nT 


a _ MTX . NTY . prz — laches 
6 = ht + =f(m, n, p) sine sin in (1 —e~**). 


2b 


where m, n and p are any integers. However many or few terms are 
included under the = sign, the whole expression satisfies the above- 
mentioned conditions. It remains to be seen whether values can be 
found for a and f(m, n, p) so that the combination of terms satisfies 
the differential equation 


00 0°6 
—< « 


at ax?" 


Equating the values of these differentials leads to 





a . Mrx , ny , pre 

h + Lae-*'f(m, n, p) sin a 8p SOS 
_ mx? nx? | pr? \ | max. ney. prez iis 
=—x>f(m, n, p)( 4a + 4B P= ) sin 5g IM Sp SIN Se (1-—e**). 


On either side of this identity we have two parts, one containing e~*‘ 
3 If it be desired to change the origin to the center of the block the only change necessary 
is to put X +a for x, Y +) for y and Z + for s, and note that 


sin (2m + 1)9(X + a) " 
2a 





(— ten SET ES. 





Somes 
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and the other not. Equating these separately yields 


. Max , nny mz 
Lae~**f(m, n, p) sin — oe sin 








= ee Oe tae Pre pas 
= x>f(m, n, p)( 4a" + oe 42 ) sin a sin ob sin cr“. & 
and 

” we Oe Oe) in OT cin ol ont 
h = — x&f(m, n, p) ( 4a" + -—— 48 ee) sin no sin - sin (5) 
(4) yields 





_ fm? na? | pr? 
--f3+3+S ). (6) 


But to evaluate (5) we need to make use of the trigonometric series 


T gmx , I. 51x 
-= sin — —_ sin — etc. 
4 2a <> 2a + 5 2a T 


Multiplying together three such series for x, y and z yields 


, ee em 
H ei 5a Sif 55 sin 
64 mnp 





where m, n and p take the values of every odd integer. Equation (5) 
reduces to this if f(m, n, p) be put equal to 
64h 
2 2 2 
* ae Ee) 


ce 





(7) 








(6) and (7) give the required values of a and f(m, n, p). 
Substitution of these values in the suggested form of solution gives 
p=0 «86, (2mMm—1)ax , (2m —I1)ry . (2b — 1) 22 
sin sin 


—— Cn 


_ oe =e 2a 2b 2c 
— ore (2m — 1)(2n — 1)(2p — 1) (‘= oe 
- (8) 


p= 
(2n —1)?x? (2p — 1)?x? 
40° * 4c ) 


(2m—1)2n2  (2n—1% 42  (2p—1)2x2 P 
x1 —e ' @ ee ia} ] 


the form of the constants having been so changed that m, n and p take 
all integral values from I to. 
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Case 1a (rectangular rod).—This may be treated separately or deduced 
from the above by assuming c large as compared with a and b. 


. (2m —1)rx , (2n —1)ry 
; si 16h "25" sin - sin = 


(2m — 1)(2n — »( &" Seid a) (9) 





2 
KT” m,n=1 





4a? 4b 
. [ - ia (ea ee ] . 


402 


Case 1b (thin slab).—This may also be treated separately or deduced 
from the above by assuming 6 and c large as compared with a, giving 


. (2m — 1)rx 
ia 


jpn a 


_K(2m—12 2 | 
T ani (2m — ne =? " }. (10) 
(2m — 1) 4a? 





When ¢ becomes sufficiently large (the exact time will be considered 


later) the exponential term may be dropped out of any of these equa- 
tions. When this state is reached differentiation yields 


076 > 
, lr . 
and 252 ¥, "7 


Every portion is heating uniformly at 4 degrees per second (steady state). 
These simplified differential equations in the case of the slab have as 
solution 


h 2 
= - "(ax -=) 
K 2 
-u-“(2_=), 
K a 2a 


as can be immediately verified by differentiation. 


Those familiar with Fourier’s method of expansion will see the identity 
of the forms; otherwise this may serve as a proof of the expansion, 


(11) 


. (2m — 1)rx 
sin — 





between x = 0 and x = a. 


Case 2 (cylinder).—Let a = radius of cylinder and 2b = length of 
axis. Let the origin of codrdinates be at the center. 


Reasoning similar 





a a ttt “ 
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to the above leads to the equation 


I 


o-u-— 2D - : (Z | << 1)** _ 


= x (ea 
x Jo( 4) sin ek: a) bd CS) 





2b 


In this the R,’s are the roots of Jo(x) = o and the values are given in a 
table in Byerly. Tables of the values of Jo(x) and Ji(x) are also given 
there, and in Gray and Matthew, Treatise on Bessel’s Functions. 

For those who wish to verify the formula it may be mentioned that 
only the following very elementary properties of Bessel’s functions are 
required 

x? s* ¥ 
Jolz) = 1 —RTtRXE BXeXE 


oe. ~ 26, “P= 54 —* THe. 


+, etc. 


pe RaTWR) (% :)- . 


Case 2a (cylindrical rod).—When b becomes large compared with a 
the above equation reduces to 
2ha?"—~ I Rix «tke 
pan SEE eae (=) ), 
which simplifies to 


2ha?"—~ I Rix - Prt ¢ 
d= n= (a? — x?) + — ‘ —> mE (7) e 


n=1 


The same remarks as regards this simplification apply (mutatis mutandis) 


as in the case 10. 
Case 3 (sphere).—Let a be the radius of the sphere and let the origin 


be at the center. The same method gives 


2ha*"—~ I 


m=1 m73(— ‘jm (:— 


~ 
6 = ht — — 


The only difference in proof from Case (1) is that x@ takes the place of 0. 
Simplification yields 


h 2ha?"—~ I -==a Wx 
jn Bt on = be ow Sn a eles ees 
6=ht 6% — x?) + — det i53(— rari é sn (14) 
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The similarity of the equations for cases 1, 2a and 3 cannot have escaped 
the reader’s attention. For the sake of comparison we move the origin 
of coérdinates to the center of the slab for case 15 and write the equa- 
tions in the same form: 


h 
Inf. Slab. = ht — — (a — x’) 
2K 


2ha? m=8 I rm KQm*t 


PGK mene e(QG). Gs 


h , 
Inf. Cylinder. = ht — ro (a? — x?) P © 


2ha?"—~ I — <%:8 x) 
= a R.8Ji(Ra) e Jo (x2). (16) 


h 
— ee  e 
Sphere. 6 = ht a (a x?) 


2ha? "=< I ~ Se @ x 
= ren me *sin( Sn). (17) 
In these formule Q, and S, are written for the sake of brevity for 
[(2m — 1)z]/2, and mz respectively. 

In conclusion of this section, as special cases, found useful in some 
practical problems, the heating of a hollow tube and spherical shell 
will be considered briefly. The complete discussion of these problems 
is somewhat more difficult than of those already attempted, but for most 
purposes it is only necessary to consider the solution for the steady state 
with linear cooling. For this case the equations are, for the tube: 


06 07-6 ~=—or «08 
a =~ * and (B42) =s 


and the solution is 


hx? 
0=h+ 7+ Cine +O 


C, and C; being constants of integration. 
Case (4a) Suppose heat transfer to take place only at the outside. 
This yields as conditions 

06 
6=htatx=a and ~—=oOatx=4, 
Ox 

where a; and a are the internal and external radii. 
The equation becomes 

h(x? — a’) has’ | a 


O= K+ 4k 2x x" 
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Case (4b).—Suppose heat transfer takes place equally outside and 

inside. 

The conditions then are 


6 = ht at x= 0 and x = dQ. 


The equation for this case becomes 


hx? & log= — a? log | 
6 = ht += +h aS (19) 


wen 2 
4x log = 





For very thin tubes either of these last two equations reduces to the 
case of a thin slab as given at the beginning of the paper, but for a tube 
whose internal bore is very small each approximates to the case of a 
solid cylinder. . 

Case (5).—Similar reasoning leads, in the case of a spherical shell 
heated linearly on the outer surface, to the following equation for the 


steady state: 
h(x? —a*) haffi 1 
6 = ht+ aO+e(E-1), (20) 


where 4; is the internal radius. 

Before making any comments on these equations we give in Tables 
I., II., III. and IV. the results of a number of numerical calculations 
from equations (15), (16) and (17). 

The character of the temperature distribution in a few cases is illus- 
trated graphically in the curves of Figs. 1 and 2. 

Calculated Values‘ of 6.—We have taken x equal to 0.004 cm.! per sec. 
which is an average value for glass. / in each case is taken as 0.1 deg. 
per sec. 

TABLE I. 


Showing temperature distribution in a slab of glass, 2 cm. thick, heated at a rate of 0.1 deg. per 
second. x/a is the fractional distance from the center, @ is the temperature, ¢ is 
the time in seconds, and A and B are constants of equation 21. (x = 0.004.) 








t= 1,000. 


t=50. | ¢=100. t=200. | ¢=500. 








A. 





ala. 


- | | | 


B | « | B&B | ow | B&B | Oo B. | 0. 








B | lO 








0.000 | 12.50| 7.87 | 0.37 | 4.81 | 2.31 | 1.79 | mee bend boned 0.0008 | 87.50 
0.333 | 11.11] 6.82 | 0.71 4.16 | 3.05) 1.55 | 10.44 | 0.080 | 38.97; .0007 88.89 
0.500 | 9.38| 5.57 1.19 3.40 | 4.02 | 1.27 | 11.89 | 0.066 | 40.69' .0005 90.62 
0.667 | 6.95| 3.94 | 1.99 2.40 | 5.45} 0.90 | 13.95 | 0.046 | 43.10 | .0004 | 93.05 
0.800 | 4.50| 2.43 | 2.93 | 1.49 | 6.99 | 0.55 | 16.05 | 0.029 | 45.53} .0002 95.50 


1.000 0.00 | 0.00 | 5.00 | 0.00 | 10.00; 0.00 | 20.00 | 0.000 | 50.00 | 0.0000 | 100.00 














1A convenient table of values of e~* will be found in Becker and Van Ostrand’s ‘‘ Hyper. 
bolic Functions.’’ (Published by the Smithsonian Institution.) 
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Similar to Table I. but for a slab 10 cm. thick. 
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| ¢=s00. 1=1,000. t=2,000. |‘ ¢=§,000. t= 10,000. 
xla. A. | | 
| 2B. 0 | B. 0. B | «0 | B 0 | .B 6. 

0 | 312.5 | 262.7| 0.2 | 217.0 4.5 | 146.4; 33.9 | 44.8 | 232.3| 6.22 | 693.7 
.333 | 277.8 | 229.3 | 1.5 | 188.2} 10.4|126.8| 49.0} 38.8 /261.0| 5.39 727.6 
.500 | 234.4) 188.5) 4.1 | 153.8| 19.4 | 103.5 | 69.1} 31.7 | 297.3| 4.40 770.0 
667 | 173.6 | 134.3) 10.7 | 108.9} 35.3 | 73.2| 99.6| 22.4 | 348.8) 3.11 829.5 
800 | 112.5) 83.4) 20.9 | 67.3| 54.8| 45.2] 132.7/ 13.8 |401.3| 1.92 | 889.4 

1.000 0.0 0.0; 50.0; 0.0 100.0 | 0.0| 200.0} 0.0 500.0! 0.00 1000.0 














TABLE III. 








Similar to Table I., but for an infinitely long cylinder of radius 5 cm. 


















































1.000} 0.0; 0.0 | 10.0 
— ES Se 


100.0 





0.00 200.0 | 


~ = 500. ¢= 1,000. ¢ = 2,000. imagen 
ala. A, soosnsniestecimnasans a 
B. 0 | B. 6. | B. | 6 B 6. 
0 156.3 | 107.1 0.8 | 68.6 12.3 27.2 70.9 | 1.70 | 345.4 
.333 138.9 | 91.6 2.7 | 58.0 | 19.1 22.8 83.9 | 1.44 362.5 
500 | 117.2) 73.3! 61 | 45.9 | 28.7 | 182 | 101.0 | 1.14 | 383.9 
667 | 868 | so2| 134 | 311 | 443 | 123 125.5 | 0.77 | 414.0 
.800 56.3 29.8 23.5 18.4 62.1 | 7.3 | 151.0 | 046 | 444.2 
1.000 0.0 | 0.0 50.0 | 0.0 | 100.0 | 0.0 | 200.0 | 0.00 | 500.0 
TABLE IV. 
Similar to Table I., but for a sphere 5 cm. in radius 
= —_ | ies 500. | Pm —_ ¢ = 2,000. t = 5,000. 
x/a. 4 : sine 
; 2 € B | oo | B 6. eS | «& B 6 6|lCt. 
0 104.2 | 94.2 | 0 | 56.9 2.7 | 26.1 | 21.9) 5.38 101.2 0.05 | 395.8 
.333 | 92.6) 82.6 | 0 47.1 4.5 | 21.6 | 29.0, 4.45 |111.9 0.04 | 407.4 
.500 78.1 | 68.1 | 0 | 36.2 «8.1 | 16.6 | 38.5! 3.43 125.3; 0.03 | 421.9 
.667 57.9 | 48.1 | 0.2 | 23.5 15.6 10.8 52.9 2.23 | 144.3: 0.02 442.1 
800 | 37.5) 28.9 | 1.4 | 13.3 | 25.8 | 6.1 68.6 1.26 163.8 0.01 | 462.5 
0.00 | 500.0 








temperature. 





6=ht—A+B. 


x/a denotes the fractional distance from center to surface. 


The columns headed A give the value of the quadratic term in the 
equation (15, 16 or 17, according to the solid referred to) and under B 
the values of the last term ae tabulated, 7. e., 


(21) 


6 is the 


TEMP., DEG. 
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DIST. FROM CENTER > xfa 
F ig. 1. 

Diagram to illustrate distribution of 
temperature in a slab, the surfaces of which 
are heated at a uniform rate of 0.1 deg. per 
sec. The solid lines show the temperature 
prevailing throughout a slab 2 cm. thick, 50, 
200 and 500 seconds respectively after the 
heating is begun. For the sake of compari- 
son there is included the dotted curve which 
shows the temperature distribution at the 
end of 500 sec. in a slab 10 cm. thick which 
is heated at the same rate. The value of x, 
the diffusivity, is taken as 0.004 and the slabs 
are assumed to be initially at a uniform 
temperature. 
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TEMP.,DEG, 







SECOND 
SERIES, 





DIST, FROM CENTER, x/a 


Fig. 2. 


Curves showing distribution of tempera- 
ture after 2000 sec. in the “‘ unidimensional” 
solids (1) sphere, (2) cylinder of infinite 
length, and (3) slab. The heating rate is 
0.1 deg. per sec., the diffusivity is 0.004, the 
diameter (or thickness) is 10 cm. and the 
solids are initially at a uniform temperature 
throughout. 


ADAPTATION OF THESE TABLES TO OTHER NUMERICAL VALUES. 
I. Change of Rate of Heating.—@ and h are directly proportional, 


therefore simple multiplication solves this problem. 


In other words, 


for a given solid the lag of any point behind the surface temperature is a 


time lag. 
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II. Change of Dimensions.—If it were not for the exponent in the 
exponential terms @ would also be directly proportional to a®. This 
may be allowed for by changing the time so that by multiplying the 
values of @ by a,?/a* we get the values corresponding for the new dimen- 
sions at a time equal to a,*/a?-t. 

III. Change of Diffusivity—The same remarks apply to x save that 
the proportion is inversed. It is therefore necessary to multiply the @ 
columns by x/x; to get the values at a time equal to x/x::t. 

In general! if the letters with subscripts apply to the new case 

2 2 

A at the time th = ‘c- 

For the three simple cases the temperature differences at the steady state 
h/2x-(a? — x*), etc., depend on the thickness but the gradients h/x, 
h/2«, h/3x do not. This evidently means that the temperature distri- 
bution in the central inch of say a six-inch slab is the same as in a single 
one-inch slab, provided h and «x are the same for the two slabs. It 
follows that in a well-regulated furnace for the case of uniform heating 
or cooling it is futile to cover slabs of material with sand or other such 
material in the hope of altering the temperature gradient, as only the 
lag behind the furnace will be affected and not the actual distribution 
in the slabs. 

At all save the shortest times it is only necessary to use one term of 
the series in calculating B of equation (21) and hence it is an easy matter 
to find, for instance, when the value of 6 at the center will be within one 
per cent. of the value at the steady state. 

We have only to consider the first term in B and equate it to 0.01 A. 
This gives in the three simple cases for the values a = 5, x = 0.004 

1c% ha? 


e = oo01—, 


ad 4 2k 


6, = 0 


Slab 





hence ¢ = 11,760 secs. 


1 By multiplying both sides of equations (8) to (17) inclusive by x/ha? it is readily seen 
that the equations may be considered as determining «@/ha? as a function of «t/a? and x/a, 
all of which are dimensionless quantities. To illustrate the use of Tables I, II, III, and IV 
for different values of fA, x, a? and ¢ let us take the following example: for a slab, when x/a 
= 0.5, = 100, k= 0.004, h= 0.1 and a= 1, according to Table I, @= 4.02. Therefore when 
x/a = 0.5 ki = 0.008, 4; = 0.2, and a; = 5, it follows that 


0.2 X 25 X 0.004 


6 =4. 
oo 0.I XI X 0.008 


= 100.5 


at the time 
2 0.00 


1250. 
I X 0.008 5 


Likewise, Tables I, II, III, and IV can be converted into tables for new values of h, x and a 
multiplying ¢ and @ by the factors given in the text. The factor for @ also applies to A and B. 


| | 
t 
' 
{ 
i 
Mi 
i 
1 
| 
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Similarly 
Cylinder t = 5,080 secs. 


Sphere t = 3,040 secs. 


Comparison with the tables will show that this fits the facts. 

In calculation we found that after ¢ had a value only one hundredth 
of these values only one term was needed in the calculation of B to an 
accuracy of about one per cent. 


EQUATIONS FOR SUDDEN CHANGE OF SURFACE TEMPERATURE. 


The other method of heating considered is by sudden change of the 
surface from one temperature to another of a solid originally at a uniform 
temperature. This approximates to a number of physical problems, 
such as the cooling of the earth, or the cooling of a solid which is plunged 
into an ice bath. . 

The equations for such a case can be deduced by the use of exactly 
the same relations as in the previous discussion. We therefore merely 
give the equations without comment. The verification is simple by the 
methods already shown. 

In the equations @ is used as before for the temperature at any point. 
6) is the original uniform temperature and @, is the new temperature of 
the surface. In all cases the origin is at the center. 

(1) Brick shape 
(2m — 1)rx (2n — I)ry (2p — 1) x2 
cos cos 





desk. 64™'% -* cos 











; to 2a 2b 2c 
0 1 ™,P=1 (om — 1)(2n — 1)(2p — 1)(— es (22) 
(2m—1)292 (2n—1)29 a-e) 
x a 4a2—~—SSCSCS re , 
, 


(1a) Rectangular rod. 
(2m — 1) rx (2m — 1)ry 
Sua. en 16™S* 7 2a om 2b 
69 — 0, ©? mints (2m — 1)(2m — 1)(— 1)mteH (23) 











(2m—1)2r2 +e ye 


x e — ( 4a2 4b2 








(1b) Slab. 
os 2M =U * 
6— 4; _* — 2a —_ (ee) 
—-A fF :. 2m — 1)(— jm © ’ (24) 
(2) Cylinder. 


6— 4 ™ 8S” (— 1)™*! Jo(Rpx/a) (2m — 1)ry 
05 — A T mn=i 2M — I R nJi(Rn) _ 2a (25) 


Rn2 (2m—1)2n2 
0a +s )e 


Xe . 
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(2a) Cylindrical rod. 


x 
6-6 nce Jo( Ras) ~a Bs 











67 RSiR)? ae 
(3) Sphere.! 
q mMrx 
—~—  —_— 22 
6-4 2" x Q@ -—-«~3+ 
-=- ) ——_¢*@'" (27) 


6-0 «= m(— 1)" 


The last equation is given in Byerly (p. 116, ex. 2). 

The next table gives the values of (@ — 6;)/(@) — 6:) (= F) for a 
sphere for different distances from the center and for different values 
of xt/a?. 

TABLE V. 


Table for calculating the temperature at any time of any point in a sphere originally at a uniform 
temperature the surface of which is suddenly changed to another temperature. 


Values of F ( = : =). 














~ 0 — 61 
ala. xt/at It fa? «t/a? «t/a xt fa? «t/a? ixt/a? «t/a? xt /a® ixt/a2 
=.000. =.0040., =.0160., =.0360. =.0640.. =.1000.) =.1960. =.2560.. =.4000.. =o. 




















0000 1.0000 1.0000 1.0000 .9943  .9103 | .7071 | .2881 | .1598 | .0386 0.0000 
.0500 1.0000 1.0000 1.0000 .9938 .9079 .7046 | .2869 .1590} .0385 0.0000 
.2500 1.0000 1.0000 .9997| .9790 .8577 | .6466  .2596 1439 | .0347 (0.0000 
.3333 1.0000 1.0000 .9994 9611 8133 6005 .2386 |, .1321| .0319 0.0000 
5000 1.0000 1.0000 9896 87526755 .4745| .1840  .1018 | .0246 0.0000 
6667 1.0000 .9997) .9063 | .6788 4727 .3162 | .1197 | .0661 | .0160 0.0000 
.7500 1.0000 .9931) .7921  .5312 3537 .2319 | .0869) .0480| .0116 |0.0000 
9500 1.0000 .3935 .1791| .1030 .0644 0411 0152, .0084 | .0020 0.0000 
1.0000 1.0000 0.0000 0.0000 | 0.0000 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 0.0000 








For a sphere of glass where x = 0.004 and a = 10, the columns give 
the temperature distribution at 0, 100, 400, 900, 1,600, 2,500, 4,900, 
6,400, 10,000 seconds respectively. On the other hand, for a similar 
sphere where a? = 1,000, the successive times would be 0, 1,000, 4,000, 

1 The equations for cases (1b), (2a) and (3) closely resemble the final term in the corre- 


sponding equations for linear cooling. This is brought out more clearly by writing them in 
the shortened notation used above. They become: 


nze _£Qutt 
(1b) F=2 ZF ne a cos (%*) ° (28) 


Ss : _ KRyPt -_ 
i a, 2 = 
on 7 See =” so ( a ). (9) 





mM=@ 1 _eSn% | Suk 
(3) F=2 mF Sa(-** rene a? = sin (==*) . (30) 
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etc. For the earth, if the diffusivity constant be about 0.008, the times 
would be 0, 6.4 X 10° years, 25.6 X 10° years, etc. : 
The curves of Fig. 3 were obtained by plotting the fractional tempera- 
ture difference (6 — 6;)/(@ — 6:) in a sphere, against the distance from 
| the center x/a expressed in fractional parts of the radius for different 
values of «t/a. In Fig.' 4, on the other hand, (@ — 6;)/(@ — 6:) is plotted 
against «t/a? for different values of x/a. 


CJ 





DIST. FROM CENTER, x/a 


Fig. 3. 

Diagram to show variation of temperature @ in a solid sphere after the temperature of 
it the surface has been suddenly changed from 4 to 61 (temperature of sphere originally uni- 
form throughout). The ordinate is the fractional temperature difference, (9 — 6:)/(@0. — 1), 
and the abscissa is the distance from the center expressed as fractional parts of the radius. 
The successive curves are for various values of xt/a*, the diffusivity multiplied by the time 
and divided by the square of the radius. Example: find the temperature in the center of a 
sphere of glass (24 cm. in diam.) originally at 100°, after being placed for 1 hour (= 3,600 
sec.) in a well-stirred bath at 0°; take x = 0.004, hence xt/a? = 0.1, then from the appropriate 
curve it is seen that (@ — 6:)/(@0 — 01) = 0.71. Hence @ = 71°. 


It will be noticed ‘that equations (22)—(27) are considerably less in- 
volved than those used for the uniform heating case. In particular, the 
‘more involved are products of the less involved, e. g., for Case (2) the 
equation is simply the product of those for (1b) and (2a) which are the 
simplest ones. It is therefore only necessary to calculate for (1b) and 
(2a), and the other follows. 

Very frequently it is only the temperature at the center that is re- 
quired, so we have calculated this for a few cases. When x = 0 all the 
cosine and Jo terms are equal to unity, so the equations reduce to com- 
paratively simple forms containing only the exponentials as variables. 


1In plotting (0 — 6:)/(@ — 6:) against ¢ or xt/a’, it is convenient to use ‘* semi-log,”’ paper. 

















a TEMPERATURE DISTRIBUTION IN SOLIDS. 113 


(1b) Slab, at center. 
6— 0; x mao (— 1)mt _, a 


=— 4a2 
——0 «Ht 2m—1° : (31) 
(2a) Cylindrical rod, at center. 
6 om bdo — oF 
—o—-h 2 eR =) 3p . (32) 
(3) Sphere, at center. 
6 — 6; m=2 ia ee 
=a oy =2 2 (- 1)™+e a, (33) 





Kva’ 


Fig. 4. 


For same conditions as Fig. 3 except that (@ — @:)/(00 — 0:1) is plotted against xt/a® for 
various values of x/a. These graphs are therefore cooling curves for various points in the 
sphere. In addition the figure contains a broken-line cooling curve which is a cooling curve 
for the center of a cylinder whose length is very great compared to its diameter. 


Tables of exponentials: are easily available, and in Table VI. the 
first ten values of R, and J,(R,) are given since these may not always 
be conveniently obtained. 








TABLE VI.! 
Values of Rn (roots of Jo(x) = = 0) and Ji(Rn). 
. i - | =_t«.t <= | =_- 
1 2.4048 0.51915 6 18.071 —.1877 
2 5.5201 — .34026 7 21.212 1733 
3 8.654 .2714 8 24.352 —.1617 
4 11.792 — .2325 9 | 27.493 1522 
5 0 | 30.635 —.1422 


14.931 2065 1 








1 The values in this table are taken from Gray and Matthews, Treatise on Bessel Functions 
( Macmillan Co.). 
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In Table VII. are tabulated the values of (@ — 6,)/(@) — 0) at the 
center under various conditions and with solids of various shapes. 


TABLE VII. 


Values of (0 — 61)/(@0 — 1) at the center of solids of various shapes for case of sudden change 
in temperature of surface. In the heading of column 1, a is the radius, ¢ is the 
time and x is the diffusivity constant. 











t/a’, | Slab. | Square Bar. Cube. | soltiee toma. es A Sphere. 
o | 1 1 1 “ie 1 | 4 
032 | .99983 9997 9995 9990 9988 | 9975 
.080 | 9752 9510 9274 9175 8947 | .8276 
100 9493 9012 8555 8484 8054 | .7071 
160 | .8458 7154 6051 6268 5301 | .4087 
240 | .7022 4931 3462 3991 2802 =| «1871 
320. | .5779 .3340 .1930 2515 1453 0850 
800 | .1768 0313 00553 0157 00277 .000745 
1.600 | .0246 .00060 nie 00015 ES cet ae 
3.200 | .00047 




















Approximate Formule for Short Times.—When the time interval 
from the beginning is so small that the heating effect is negligible at the 
center—at least to the order of magnitude considered—the problem may 
be considered as that of a heat flow into an infinite solid. For still 
shorter times when only the surface layers need be considered, the curva- 
ture may be disregarded in the case of the cylinder and sphere and the 
case of the slab alone need be considered. In this case the well-known 
formula used by Lord Kelvin! is very convenient if tables of the so-called 
probability integral are available. In the notation used in this paper 
the formula would be 

i—t 2 2/2V nt 
G—- A Varwo 


where z is merely an integration variable. 





e~*dz, (34) 


GEOPHYSICAL LABORATORY, 
CARNEGIE INSTITUTION OF WASHINGTON, 
Washington, D. C., April,-1919. 


1 Thomson and Tait’s Treatise on Natural Philosophy. 
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THE SOLUTION OF CIRCUIT PROBLEMS. 


MATHEMATICAL METHODS OF INVESTIGATION RESULTING FROM THE 
APPLICATION OF FOURIER’S INTEGRAL. 


By THORNTON C. FRY. 


SYNOPsIS. 


Circuit theory; current in any network; expansion of fundamental integral in 
Bessel’s series. This is treated quite fully, and is shown to be applicable to circuits 
with either lumped or distributed impedances. If the upper limit for the roots 
of the equation for the impedance function is known, the problem may be reduced 
to the expansion of a function in a Fourier series. By this method, the principal 
difficulties of computation are included in those processes which can be mechanically 
performed. This method is, therefore, a valuable addition to those commonly used 
in the solution of problems relating to complicated circuits. 

Circuit theory; current in any network; expansion of fundamental integral. Sum- 
mary of treatment (1) using Heaviside-Carson expansion, and (2) using Taylor's 
series, with a discussion of the limitations of each method. 

Integral of e'™¢- dn/Z(in) from —~© to +%; expansion in Bessel’s series. 
Treated quite fully, especially in relation to circuit theory. 

Telegrapher's equation; solution by expansion of an integral in Bessel's series. 
This is treated quite fully, with simple examples. 


1. INTRODUCTION. 


HE following paper sets forth in a condensed form a number of 
methods of computation which the writer has found valuable in 
considering the types of differential equations which arise in connection 
with electrical circuit theory. Naturally, in dealing with such problems 
the investigator lays greater stress upon the utility of the methods and 
results than upon their mathematical elegance; and this paper will 
reflect that emphasis. However, a number of theoretical problems of 
real mathematical interest, whose discussion can not be undertaken in 
this place, suggest themselves in the course of the study. An attempt 
to consider some of them independently will be found illuminating by 
those who are mathematically inclined. Perhaps the most attractive 
of these deal with the application of the modern theories of generalized 
integrals to the Fourier integral identity. This problem is not yet 
satisfactorily handled in any of the literature with which the writer is 
familiar. Others relate to thepropri ety of differentiating and integrating 
Stieltjes’ integrals under the sign of integration. These problems will 
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be passed with little or no attention, even in those cases where a rigorous 
investigation of them has been undertaken. 

The paper will be found to separate itself into two distinct divisions. 
That which precedes section § is in the main a recapitulation of the work 
of other writers arranged in such a form as to introduce some of the 
principal mathematical ideas which are required in the development of 
the remainder of the paper. Certain portions of Heaviside’s electro- 
magnetic theory are very similar in content to sections 3 and 4. His 
presentation is quite different—Heaviside appears to have had an even 
greater contempt for analytic functions than for other conventional 
mathematics—and results in slightly less general formule, but other- 
wise the two are much alike. More recently Mr. J. R. Carson has 
achieved very similar results by the application of integral equations, 
using for the most part rigorous mathematical processes and arriving at 
very general formulz.! . 

Beginning with section 5, the discussion diverges sharply from the 
general theory of the subject and is believed to be quite new. So far 
‘as the writer is aware, the only investigation which touches similar lines 
is that of Poincaré in L’Eclair Electrique for 1904. 

No attempt has been made in any part of the paper to present extensive 
applications of the methods developed. Where specific problems are 
introduced at all, they are of the simplest possible sort and are chosen 
for their didactic value only. Furthermore, in order to conform with 
the electrical terminology used throughout the entire discussion, these 
problems have all been chosen from the domain of electrical circuit 
theory. It must not be inferred, however, that the methods themselves 
have no other applications, for there is a wide range of problems in 
mechanics, heat, elasticity and sound which may be formulated as either 
ordinary or partial linear differential equations. Many of these equa- 
tions are analogous to those met in circuit theory and are amenable to 
like treatment. 

It is essential to have a clear conception at the start of what is meant 
by the expression “circuit theory.” In the first place, the term is 
not limited to a discussion of steady or sustained phenomena only; but 
includes the consideration of those more or less indefinite periods fol- 
lowing abrupt changes during which the circuit is passing from one 
sustained state to another. In the second place, it is not limited to a 
discussion of those circuits only in which the impedances may with 
sufficient accuracy be regarded as concentrated at discrete points, but 

1 Although Mr. Carson’s paper had not appeared in print at the time the above was written, 


a considerable portion of the contents had been given the author in the form of preliminary 
memoranda. 
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includes the investigation of the behavior of circuits in which some or 
all of the impedances are distributed continuously over stretches of line. 

In its most general form the circuit problem may be stated somewhat 
as follows: , 

At some point of an electrical system an electromotive force is applied. 
This force, which may vary in any way with the time, causes unique 
electromotive forces and currents to subsist in all other parts of the 
system; and these can conceivably be measured as functions of the time. 
It is required to determine mathematically what the results of such 
measurements would be, if they were carried out. 

Two restrictions upon the breadth of the above statement are generally 
made in dealing with circuit theory. They are (1) that the set of differ- 
ential equations satisfied by the electrical system is linear, and (2) that 
all physical systems are to some extent dissipative. Both of these con- 
ditions are supposed to apply to all circuits treated in this paper. The 
first justifies the principle of superposition of which use is continually 
made. The second will be found necessary in determining the positions 
of the poles of certain analytic functions which introduce themselves 
quite naturally into the discussion. 


2. GENERAL THEORY. 


All of the practicable schemes for solving the transient type of circuit 
problem are made to depend upon a known steady state solution. The 
same is true of the scheme which is about to be developed. Suppose, 
then, that an electromotive force of frequency m/2z is imposed upon 
the jth mesh of a network; and that in consequence of this electromotive 
force a steady state current of amplitude J; flows in the kth mesh. 
These are related by the equation 


Zjx(in)I,e™ = E;e™, 


which forms the definition of the alternating current impedance Z;,(im). 
That is 
; E; 
Zy(in) = I, 

If the current and electromotive force are related by a known differ- 
ential equation, it is well known that Z;,(im) may be obtained formally 
by replacing the differential operators 0/dt, 0?/df, --- by in, (im)*, «+>. 
Similarly an operator of the type /di, must be replaced by 1/in. Since 
practically all ordinary circuit problems which do not involve distributed 
constants can be formulated in this fashion, it follows that for all such 


problems. the impedance Z is a single valued, rational algebraic func- 
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tion of m;—that is, it is the quotient of two polynomials. This condition 
need not be satisfied when distributed constants occur; and indeed is 
not satisfied in the problem considered in section 7. But whatever the 
form of Z, the steady state equation, 

7 


E 
int — int 
” Zin(in) ©’ () 





applies by definition. 

Now suppose an electromotive force imposed which is an arbitrary 
function of the time. With certain restrictions upon the form of this 
function which will be unimportant for the purposes of this paper it 
may be expressed by means of the Fourier identity in the form 


E() = ~ f ’ dneint f ‘ dhE(d)e-in’, | (2) 


This is formally a summation of steady state electromotive forces of 
the type A(n)e™‘, each frequency ”/27 having its appropriate amplitude. 
| The number of these component forces is infinite to the order of the linear 
| continuum, for the integral involves every possible real frequency 7. 

| If, however, the principle of superposition applies to a given electrical 
system so long as the number of component electromotive forces is 
finite, it is physically improbable that it should fail to apply when they 
become infinite in number. The assumption that it does apply leads 


to the identity 
I x eint 0 _ 
I(é) = x | 55 f- dyE(A)e~i*4. (3) 


Of course, where necessary, subscripts may be used upon J, Z and E in 
the fashion indicated above. Upon inverting the order of integration 
there results the form of this expression which it will be most convenient 
to use in the pages following: 


I(t) = f ” @dE(n) O(n, #), (4) 





where 





I 2 ein (t—A) 
Q(A, t) = [an Z(in) ° 


3. THE Q-INTEGRAL. First METHOD OF EVALUATION. 
HEAVISIDE-CARSON EXPANSION. 


The problem has now been reduced practically to an evaluation of 
the function 2. Several distinct methods of doing this are available. 
The first to be used in point of time, so far as the writer is aware, is 
applicable only to those functions whose singularities are not essential, 
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and hence cannot be used in the cable problem; but it is quite simple, 
and serves as a very convenient introduction to the more complicated 
ones. | 

If the function 1/Z(in) behaves at infinity in such a way that the 
integral 

dn 
Z(in)n 

taken about a circle! of radius N approaches the finite limit 27il as N 
approaches infinity, then? 


I P I 
ZGa ~*~ 





(n — ng) 


the summation being extended over all the roots, ”;, of the equation 
Z(in) = oO. 


Substituting in equation (4) we arrive at the result 


l a ae I I > eo 
Q(A, 4) = — s ne + 3at * dia) g a me 
dn 


This expression has a meaning if none of the quantities ; is real. 
This condition is satisfied, for if any one of these quantities (say m) 
were real, the system would not dissipate disturbances of the frequency 
n,/2m; which is contrary to the hypothesis that all physical systems 
possess dissipation. What is more, if any m; belonged to the lower half 
of the complex plane, it would correspond to an oscillation of constantly 
increasing amplitude in the absence of any driving force, which is equally 
absurd. Hence all the roots lie above the real axis.’ 

Now it is possible to show, for a function of this type, that the integral 
along the real axis is the same as the integral about one of the closed 
paths shown in Fig. 1, except for the insolated value \ = ¢. The result 
of the integration is therefore zero, if \ > ¢; and equal to 277 times the 

1 The assumption is that the path closes, as it will if the singularities are not essential. 
If it were not to close, a corresponding expansion involving a continued fraction or a divergent 
series would frequently be possible, according to Stieltjes’ theory. This, however, is un- 
important from any but a purely mathematical standpoint. 

2 Provided no two roots mj; are equal. If there are repeated roots the expansion still 
applies, but the formula is slightly more complicated than here stated. 

It is to be noticed that the quantity dZ(in;)/dm has had the constant #j; substituted for 
the variable m, so that it is no longer a function of this variable. 

3 In those cases where it is desirable to idealize a problem by neglecting dissipation, the 


path of integration must be regarded as passing slightly below the real axis, and avoiding 
the real roots of Z. 
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residue at n;if\¥ <¢. That is 
1 fe_. eits(t-A) 
Q(A, 4) = =f dne(*) 4 2 aZ(in)’ 
dn 
This is the desired expression for 2. The corresponding formula 
for I is obtained by substituting the value of Q in (4) and identifying 
the first integral with E(¢): 








in,t t 


I(t) = 1E() + Za) J dn (nye™ (5) 


dn 
Formula (5) is a very remarkable formal solution of the circuit problem. 
By far the most important case of it is that in which the driving force is 
zero for ¢ <0, and simply periodic thereafter. In this case, if the 
frequency is v/2m, it may be found by integration and simple trans- 
formations that 











ei” ; ei! 

I(t) = lE() + ZG) a “ i dZlin) (6) 
Pm e 
dn 
In particular, if y = o, 

I , ett 
I(t) = LE(t) + Zo) — 12 ain) (7) 

i dn 


Formula (7) is quite old. It was developed by Heaviside, and has 
come to be known as Heaviside’s expansion. Formula (6) is more 
modern, and is the work of Mr. J. R. Carson.! 

Two difficulties present themselves in the use of (5). In the first 
place it requires a knowledge of the free periods n; of the system, which 
more frequently than not are unobtainable. In the second place, in 
the case of structures of a large number of degrees of freedom, the number 
of terms becomes so great as to render the labor of actual computation 
prohibitive. No more space need be devoted to it here, except to make 
an observation which has a bearing on all of the further work. 

It has been .tacitly assumed in the above discussion that the isolated 
value \ = ¢ contributed nothing to our solution. This of course is 
true, provided the value of the m-integral for \ = ¢ is finite, since the 
product of this integral by dd then approaches zero with dd. But if 
the n-integral is not finite a special investigation is always necessary. 

As a matter of fact, it is possible to develop by very plausible argu- 
ments the following rule: 


1 Puys. REvV., 1917. 
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The isolated critical value 4 = ¢ contributes nothing to the value of 
I(t) unless Z(©) = 1/l is a finite quantity. If this condition is satis- 
fied the contribution of the critical value is JE(#). This amount must 
therefore be added to the result obtained by ignoring the critical value 
of the integral. 

It will be noted that in examining an integral of the type 


© Zin(t—A) 
é 
f —dn, 
a oy 


n — n; takes the place of Z(m) in the general case. Hence for such 
an integral Z(«) = «,/] = 0, and the contribution of the critical value 
is zero. 

This investigation must be made in connection with each problem 
solved; but the rule of thumb given above renders it a matter of a 
moment’s work only. Physically, the result derived will always be 
zero, unless the circuit permits of the propagation of a discontinuous 
current. If the circuit does permit discontin, 
uities, they will be cared for by the term intro- 
duced by an infinite \-integrand at \ = ¢. 





T-A>0 


4. THE Q-INTEGRAL: SECOND METHOD OF > 
R 
EVALUATION. POWER SERIES EXPANSION. mice 





If the function Z(im) has no singularities at 
infinity the Q-integral may be evaluated around t-A=0 
one of the paths shown in Fig. 1, whether or ™ 





> 





not it is algebraic. This fact may be established ocala 
by applying to the integrals involved an appro- 

priate extension of the Cesaro sum of a diverg- t-A<O 
ent series. The only requirement is that there eng 


be no singularities of the integrand occurring for 

finite values of m greater in absolute value than 

the radius N of the semi-circular path. Since 

there are no singularities below the real axis, we Fig. 1. 

have 2 = 0, \ >4, as before; while for A < ¢ 

the path may be further deformed into a complete circle of radius N, 
with the origin as its center. Since, however, Z(in) has no singularities 
of any kind in the portion of the finite plane outside our path of inte- 
gration, it may be expressed in the uniformly convergent series 

) a; 


s=0 n* 


which may be integrated term by term, even after multiplication by 
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the factor e*“”), This leads us to the formula 


Q(A, t) = ake J 





(8) 


29 -— cc 











which, substituted in wm leads to an expansion of J(#) which converges 
very rapidly for small values of ¢. The first term is at once recognized 
as leading to apE(t). 

For large values of ¢ it is virtually impossible to use this form of ex- 

R L pression for purposes of computation; 

EE —— though it has sufficient value otherwise 
E to justify its presentation. It is ana- 
L logous to expansions derived by other 
means by Heaviside and by Carson. 

As an example of its application we 
may consider the very simple circuit shown in Fig. 2. The differential 
equation of this circuit is 








Fig. 2. 


fe) 
(R +L y) I= E, 
from which the impedance Z is obtained by replacing 0/dt by in. That is 
Z(in) = R+ Lin. 
The series for 1/Z is therefore 
I w(-—R)* 
Z at (Lin)* ’ 
from which the series (8) becomes 
(- RR) (t — d)e-1 
Q(r, t) = i= Gy [sat <4, 


s=1 
Q(A, t) = oO, A><@ 
Suppose then that the E.M.F. is of the simple form 
E=0, t<o, 


E=1, t>o. 
The equation (4) becomes 


I(t) = ia f (t — d)*-“1dd 


age) 


R= |S ‘ 
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a series which is at once recognized as equal to 
—Rt 
1-—e* 


R 


It may perhaps be interesting for purposes of comparison to apply 
the Heaviside Expansion to this same problem. For this purpose, Q is 
written as 





ein (tA) 
Q(A, t) = r sal. dn Ri: 
a 


Since there is only one pole, for which = Ri/L, this reduces to the 
single term 
Bans 


Sal 
Q(A, Zt) wh ng ; t>o0; 


a result which is identical with the series expansion of Q in the solution 
above. 
Another interesting example of the use of a power series expansion is 


& «& l. 
a _| 


furnished by a circuit such as is shown in Fig. 3. Here 





AAAAAAAA, 
VVVVVVV¥ 








Fig. 3. 


5 = at Cin, 
which is already expanded in a series in terms of m. But it is to be 
noted that the series does not satisfy the conditions of the power series 
solution, since it contains positive powers of n. 

Even under these unfavorable conditions however, it is possible to 
get the correct result by inspection. For upon writing the expression 
for I the formal value 


= af are) f- ein(tdn ae =f azo [- nein!) dn 


is obtained. Now the first of these integrals quite evidently repre- 
sents 1/R- E(t). The second is also seen by inspection to be the formal 
expression for C-dE/dt, obtained by differentiating the identity (2) 
under the sign of integration. This therefore leads to the result 


E dE 
T=Rtcy7i 
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a result which is quite correct although the method of derivation raises 
mathematical questions of considerable importance.! 

It should be noted that the integral of the first term of (8) has been 
identified with a R(t), since it is of the form 


af «z f ein(t-*) E(n)dn, 


2 


which is the Fourier identity for E(t). This is also in accordance with 
the rule of thumb given at the close of section 3; which requires a term 
of exactly this form to appear. 


5. THE Q-INTEGRAL: THIRD METHOD OF EVALUATION. 
BESSEL SERIES EXPANSION. 


A third method of evaluation, which in complicated problems is more 
satisfactory than the other two, depends upon the use of a suitable trans- 
formation of the variable of integration. It is the method underlying a 
treatment of the problem of the cable which will be explained later; 
although certain slight modifications are necessary in that problem. 
Consider again the expression 

sate 
009-2 [Fae 
which, if \ < ¢, may be evaluated about a circle of sufficiently large 


radius in the m-plane, and subject it and the path of integration to the 
transformation m = sin ¢. The result is 


Or, ) = — f of win? cos $d¢ 
1. 2% Z(i sin ¢) ° 





In order to discuss this integral, it is necessary to know something of 
the properties of the transformation itself. They are stated here as 
briefly as possible; they belong to the most elementary part of the 
theory of analytic functions and are easily derived. 

Fig. 4 represents the four quadrants of the m-plane, and a vertical 
strip of the ¢-plane. Each is divided into sections which are lettered 
in such a way as to indicate those regions which correspond under the 
transformation. ~ It is obvious that the entire m-plane is transformed into 
any strip of the ¢-plane of width 27, extending from the real axis to 
infinity in one direction only. Which of these strips is chosen is a matter 
of little moment. In order to be explicit the one marked ABCD will 
be used. 


1 The questions relate to the propriety of differentiating a certain type of Stieltjes integrals 


under the sign of integration. The writer knows of no literature on this subject, although 
the problem appears to be capable of successful treatment. 
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A circle in the m-plane which does not include the points m = + 1 in 
its interior passes into a closed path in the ¢-plane; but a circle which 
does include these points passes into an open path running from some 
point ® to another point + 27. It is to be noted that the distances 
of these points from the real axis are equal; a fact of some consequence, 
as will be seen in the next paragraph. 
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Fig. 4. Fig. 5. 


The paths (1) and (2) of Fig. 5 are of the type just mentioned. Sup- 
pose the integral of some function to be taken along each of them in the 
same direction. The results of this pair of integrations will differ 
precisely by the sum of the residues at the singularities included within 
the closed path formed by them and the verticals between their end 
points. In particular, if there are no such singularities, the integrals 
will be identical. Thus, in addition to the possibility of deforming a 
path of integration continuously, it is allowable to slide its end points 
along the vertical lines, so long as they are kept at the same distance from 
the real axis, and no singularities are encountered by them or the path. 

In particular, then, the path of integration for 2 may be taken as a 
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horizontal line sufficiently far below the real axis that all the poles will 
lie above it. Let such a path pass from the point — r — 7@ to the 
point +  — i. Then 


1 (7 e852 (-® cos (@ — ib)do 
oo = xf Z[i sin (@ — i®)] 





(9) 
By hypothesis, 1/Z[i sin (@ + i#)] is finite and continuous along this 
path and may be expanded in a Fourier Series. For brevity it may be 
denoted by U(¢), and the coefficients in its Fourier expansion by A, 
and B,, so that 


U(¢) = a + Dd [A, sin so + B, cos s¢] 


m s=l (10) 
= > a,e**? ° 
where ° 
B, — 1A; 
as — ’ Ss > O, 
7 (11) 
II 
B,+iA_, 
8 a ’ s5<0 


Substituting (10) in (9), @ takes the form! 


ei(st1o+® + ei(s—-1)o-@ 





QA, t) = ~ > a, itn) sin (6-10) : ds 
s=—@ —r 
= _> sa,e~** - J. [s( — t) t) 
— teh * 


As a particular example’ consider the impedance Z = Lin = Li sin 9. 


2 
> er 2541) %——2i+1) id 


.* 
ne 


Hence 


2 (2s + ne 2 <t. 


nis 


But the expression 


—2 > (2s + 1)J_2s-1(A — 2) 


s=0 


1 Use is here made of the definition of Bessel’s functions by means of integrals; and of 
the addition properties of these functions. These may be found in compact form in Jahnke 
and Emde, Funktionentafeln mit Formeln und Kurven, p. 165 sqq. Altogether unnecessary 
restrictions are placed upon the path of integration in the integral definition of Jp(z) as stated 
in Jahnke and Emde, but this failing is quite outweighed by the advantage of having a well- 
chosen collection of formule compactly arranged. 

2 Note that there is no dissipation. The path of integration is to be taken low enough to 
miss the pole = o. 
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is known to be the expansion of \ — ¢. Hence Q reduces to 1/L, and 


- ; f " E(t. 


This is the solution of the equation 


ol 
LT = E(#), 
as it should be. 
A slightly different form of solution may be obtained by making use 
of the transformation in = sin ¢, instead of the one used above. The 
result obtained in this case is 


g9=- > safe EN 


where the a,’ are the constants derived from the expansion of 
1/Z[sin (@ — 7)] 


in a Fourier series. In the particular example used above this would 


result in 


Bus Bo ‘ 1) Zenlit = ») 


s=0 





This series also converges to the value 1/Z. In fact, in spite of the 
immense difference in the character of Jo.4:(x) and Jo.4:(tx), the rapidity 
of convergence of the series formed from each is about the same. 


6. DISCUSSION OF THE THREE METHODS OF EVALUATING THE 2-INTEGRAL. 


Where it is applicable, and the number of roots of the impedance 
function is not too great, the Heaviside-Carson method is the simplest 
for purposes of computation. Unfortunately, it fails in all but a limited 
number of special cases, owing to the impossibility of determining the 
roots of the Z-function. 

The method of expansion in power series is applicable to nearly all 
problems which involve only lumped constants, and to some others. 
It is frequently useful in those discussions in which a knowledge of the 
character of the first surge of current is sufficient. For other problems 
the convergence of the series is likely to be too slow to justify its use. 
It does not involve the determination of the roots of any equations; 
so that the principal difficulty of the first method is avoided. 

The third method, like the second, does not require a knowledge of 
the roots of the Z-function, although when such a knowledge exists it 
can sometimes be put to use in a deformation of the path of integration 
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in the ¢-plane. What is required, however, is a knowledge of an upper 
limit for the absolute value of the roots of this equation; that is, a 
_ knowledge that none of the roots is outside a certain specified circle in 
the n-plane. This upper limit can generally be determined. The prob- 
lem is then reduced to the expansion of a function in a Fourier series. 
Analytically this problem is perhaps as difficult as the determination of 
the roots of Z. But the existence of harmonic analyzers of the Henrici- 
Coradi and Michelson types makes this difficulty unimportant. Specif- 
ically stated, the third method of evaluation is so designed that the 
principal difficulties of computation are included in those processes 
which can be mechanically performed. Furthermore, the use of the 
binomial expansion and other analytic tools will often make possible 
the immediate determination of the a’s, without the use of the inter- 
mediates A and B. This is the case in the examples above given. 

When the Q-function has been evaluated, the problem depends upon a 
single integration—an operation which may always be performed by 
the use of a Coradi integraph. If the form of E is complicated, a number 
of mechanical integrations may be necessary, and the work may take 
considerable time. But this difficulty is inherent in the problem. It is 
unreasonable to expect mathematics ever to obtain in a few minutes the 
complete answer to questions about complicated circuits. The most 
that can be hoped is that a method of solution can be devised which is 
sufficiently simple to permit of the answer being calculated by trained 
computors at an expense commensurate with the importance of the 
problem. The solution in Bessel’s functions satisfies this condition for a 
large class of problems, and therefore represents an addition to the 
available methods of computation. Further than this no claim need 
be made for it. 


7. THE PROBLEM OF THE TELEGRAPH EQUATION. 


One of the very difficult problems of circuit theory is concerned with 
the propagation of electrical signals through a telegraph cable. Since 
this problem can be attacked with considerable success by the methods 
above, and illustrates the type of modifications necessary in applying 
these methods to different problems, it will be discussed here in some 
detail. The actual development of the various formule involves the 
use of algebraic processes which are frequently long, but never difficult. 
Only so much of this algebra has been included as is needed, in the 
writer’s opinion, to serve as a guide to those who may be interested in 
filling in the details, and to prevent confusion in the notation. 

The differential equations of a pair of conductors containing distributed 
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resistance (R), inductance (L), capacity (C), and leakage (K) are 


dE _al 
“a "a 
af _.aE - 
0 - 
“a "Ete 


The dashes above the letters are used to indicate that the quantities 
symbolized by them are measured in a standard system of units. It is 
much simpler, however, to introduce into the discussion a certain set 
of units depending upon the properties of the cable, and measure all 
quantities in this system. If the dash is omitted from the symbols 
when this is done, the relations which determine the new set of un‘ts are: 


E=E,. 
as 
= ft 
C- (13) 
x = Ry °x, 
pa Sl 
=F. 


The differential equations (12) now become 


dE al 
~~ "et 
(14) 
al #@E 
tc ye tT 


where k = KL/CR. 
In accordance with section 2, the first step in the discussion of these 
equations is to obtain their steady state solution. 











Line OF LENGTH E z 























Fig. 6. 


Fig. 6 represents diagrammatically a line of length £, terminated by 
an impedance Z” at one end, and subjected to an electromotive force E 
which is impressed upon the opposite end through an impedance Z’. 
If the electromotive force is periodic, of frequency m, it may be repre- 
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sented by 

Vv. 
E(t) = —eint 

27 


The corresponding steady state current and electromotive force at a 
distance x from the sending end of the cable are, respectively, 


&) 











E(x, t) = -" 
(14) 
I(x, t) = oe ‘ 
where f(x) and ¢(x) are expressible as follows: 
fle) - Me™? a, 
(15) 
—— in+k | — Myeim= + ve | ; 
Hs) = im A ‘ 
im = V(in + 1)(in + k), 
M, = —- ed ee ~% |. 
1m 
My = — veint| MER 2» 5 r|, 
_ eimé [*: + FR oy +1 | [ *A*2” _ 1 Jeri 
7 1m 1m 
_mt+k,, m+k,_, 
im _ +s im . +? 





The formal solution for the general problem is built up by using the 
principle of superposition. Thus, if 


_ . wn int; : 
E(t) = oie U(n)e™*dn, (16) 
it will be true that 
_ I . int 
E(x, t) = a ic n)e'™'dn, 


I(x, é) = xf (x, n)e™*dn. 


Of course, in (16), ¥(m) is determined so as to satisfy the Fourier identity, 
which requires that it be 


V(n) = f- E(a)e*™dd; 


and this value must be assigned it in writing the expressions for f and ¢. 
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In the following paragraphs it is assumed that Z’ = 0, and that 
x = &,—that is, that the driving force E(é) is impressed directly upon 
the line, and that only the arrival current! is desired. Making use of 
these assumptions it is possible to reduce the expressions for f and ¢ to 
the form 





A(o) 
f(&, n) = A(é) V(n), 
A’(o) WV(n) 
O08, *) = "0 inti 


Of course the A(é) in these formule is simpler than the one previously 
written because of the assumption Z’ = o. 
Let us denote by 6; the quantity 


j 
E + mete | 











— 1m (16) 
a int+k,, pH 
Le?” | 
Then 
I = 
—— = 5 ,¢ 2I+1) imé | 
A(é) » ” 
and therefore 
=> — 2im ” 3 po (25+1) imé 
f(é, 1) a aa ¥(n) De dye j 
21m 2. 
—_-— — _p (25+1) imé 
o(é, n) in + I V(n) 2. d¢ 4 . 


The physical significance of this expansion will appear later. The 
apparently arbitrary appearance of the mathematics may be somewhat 
relieved by anticipating its appearance and stating that the jth term of 
the series corresponds to that part of the arrival current which has under- 
gone j reflections at the sending end. 

Up to this point nothing has been said about the multiple valued 
nature of m. The form of the expansion of 1/A above, however, applies 
only to that branch of the function for which the signs of the real parts 
of m and of m are unlike. This convention will be adhered to throughout 
the work. 

Since ¢$(£, 2) is expressed in the form of a series, the same will be true 
of J, and it will be convenient to denote the separate terms by subscripts 

1The purpose of these assumptions is purely didactic. Although they result in little 
if any simplification of the labor necessary to secure a numerical answer to an actual problem, 
they do permit of considerable simplification of the notation in the explanations following. 


All the essential ideas of the general discussion are involved in the more special one which 
is given; so that it is quite as serviceable as a more cumbersome case. 
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corresponding to those used to indicate the various terms of ¢. Thus, 


where 
I - - 2im 
, = — — in (t—A)+(2j+1) imés . 
I;(é, t) x fia | an (je j bio TS (17) 


If Z(in) is regular at infinity, as it is in nearly all practical cases, the 
path of the m-integral can be deformed as explained in section 3,! which 
leads to an Q-integral of the type 


0;(d) = < 2 ft ein (fA) + (2541) imEdy, (17) 


which must be evaluated. 


8. EVALUATION OF THE Q-INTEGRAL FOR THE TELEGRAPH EQUATION. 


It is easily seen that the Heaviside expansion can not be applied to 
(17), since the fundamental assumption that all the singularities are 
poles is violated at the points m = 1 and m = ki. Both the power series 
expansion and the expansion in Bessel’s functions can be carried out, 
however, provided the exponential e@/+)) i» is properly dealt with. 

For the former of these it is necessary to break it up into two factors 
e~@i+imE and e@i+)(intim)E The first of these must be included with 
the term ei, being equivalent to replacing ¢ in section 4 by 
t — (2j+1)& Thesecond must be included with im/(in + 1)-6;in a term 
analogous to the expression 1/Z(im) in section (4). This term is regular 
at infinity and admits of expansion in a power series. The evaluation of 

1 Note that when m is very large, im = — in —a, and hence 

ein(t—a)+img; = e—at; gin(t—A—g)), 


The critical value of \ is therefore X = ¢ — &;, or ¢ — (27 + 1)& Form = © the remainder 


of the integrand becomes 
[x — 2"(@)] 
[1 — Z'"( 2) Jatt’ 





so that a term 
I= i) 
2e- sag FIT Blt i +E 
must be added. This term accounts for the discontinuity at the “‘head”’ of the wave, when 
Z"'() is finite, 7. e., when there is no inductance in Z’. The distributed inductance of the 
line itself, even when it is large, does not prevent the propagation of discontinuities. In fact, 
under ordinary conditions, increasing the inductance sharpens the head of the wave. 

It now appears quite clearly that the current J; must have been reflected 7 times from 
the sending end; for it does not become effective until a sufficient time interval has elapsed 
to permit the propagation of a disturbance through a distance (27 + 1)t The only way a 
disturbance can have been propagated so far, however, is for it to have traveled back and 
forth from end to end of the line 7 times after first reaching the receiving end. 
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Q in Bessel’s functions parallels the theory developed in section 6 to such 
an extent that detailed explanations of the transformations may fre- 
quently be omitted. 

As new notation the following symbols will be needed: 





&; = (27 + 1)é, 
u=t—, 
v4; = Vu — &?, 
cosh ¢, = =, 
Vi 
dita &, 
Vi 
k+1 
an —, 
2 
_a=% 
ine 2 


Most of these differ for different values of j7. It is, however, scarcely 
necessary to be continually adding subscript j’s to every symbol used; 
they will often be omitted when no confusion is possible. 

Let the variable in (17) be transformed by the substitution 


Bsin ¢ = in+a, 


which is very similar to the one used in section 6. Under this trans- 
formation (17) becomes: 





Be~** 29 —id 
Q(A) = — f (1 — sin ¢) de®" 8" + dg, 
v —io 

Of course, 6 is now expressed in terms of ¢ instead of m, and @ is chosen 
so large that no poles of the integrand lie below the path of integration. 
This equation is again identical with 


am 23 
(4) = - ee f [1 — sin ($ — i) ]de8¥™O+9-)G 4, 
0 


with an appropriate change in the argument of 6, which leaves it in the 
form 
_ [cos (¢ — 1@) + iZ — 1Z sin (¢ — 16)]* 
1 [cos (¢ — i®) — iZ + iZ sin (@ — i®)]**1" 





This expression may be expanded in a Fourier series, either analytically 











134 THORNTON C. FRY. [Secon 


or mechanically as the situation may warrant;! it may be denoted by 


a + > [A. sin s¢ + B, cos s¢] 





6= 
s=1 
- (18) 
= Z. a,e***, 
Then —s 
— ap ) 2a 
Q~A) = —- _ > a, f [1 — sin (@ — 1®) je®¥ sin (6+1¥—4)pind J, 
&s=—@ 0 


This integral is easily evaluated, but the form in which it is obtained 
in the first instance admits of considerable simplification by algebraic 
processes. This simplification may be brought about most easily by the 
introduction of two functions 


G,(&, h) 


H.(&, u) 


These functions, being entirely independent of the constants of the 
line, can be tabulated once for all. It is, however, more convenient to 
tabulate their u-derivatives, since these are the functions which explicitly 
occur in the evaluation of the integral. These derivatives satisfy the 
formule: 


e— cosh sWJ,(iy), 
ée sinh sWJ,(ty). 








, Ge 4 i 
G, = Ou ” 5 Get — G, _ 2 Gai, 
OH, 7% 1 
_ ew * a = 
H, — Ou = 5H H, 5 Het 


by means of which they are readily computed, once G and H are known. 
Further we introduce the following linear combinations of these terms: 


S, = i[G,’(B, Bu) sinh sb — H,'(BE, Bu) cosh s@], when s is even; 

S, = i[H,'(Bé, Bu) sinh sb — G,’(BE, Bu) cosh s®], when s is odd; - 
C, = i[G,' (8, Bu) cosh sé — H,’ (Bt, Bu) sinh s®], when s is even; 

C, = 1[H,’(Bé, Bu) cosh s@ — G,’ (BE, Bu) sinh s&], when s is odd. 


Then, after appropriate algebraic transformations, 


Q(d) = 2Be™[agGo' (BE, Bu) + (A.S, + B.C,)). 


1 There is some opportunity for the exercise of ingenuity in this process, and many short 
methods will readily suggest themselves. In particular, if the series for in terms of de- 
creasing powers of ” is rapidly convergent, it is possible to develop from it a rapidly con- 
vergent series in powers of e#¢+®, and integrated each term separately into a G’ or an H’. 
When this is possible the use of the long expressions for S, and C, is avoided. The explana- 
tion given in the text assumes the necessity of mechanical analysis, and gives the formule 
most adapted for this purpose. 
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That is, in words: the value of the Q-integral for the telegraph equation 
may be built up by the extremely simple process of replacing the functions 
sin s@ and cos s@ in (18) by the functions S, and C, defined by (19). 


9. EXAMPLE. RECEIVING END SHORT CIRCUITED. 


The simplest possible example involves a short-circuited receiving 
end, Z =o. For this case 6; = 1, and hence 


0;(d) - 2Be—** Go’ (BE;, Bu), 
(B+ 


I(t) = 26 eK E(Q) D Gu B(2i + 1), Bt — d)]dd. (20) 


To this must be added the quantity 
2 Doe PEt — (25 + 18, 
j=0 
introduced by the critical value of 2 at \ = [¢ — (27 + 1)é]. 


For most existing submarine cables, k is very nearly zero. If, then, k 
be put equal to zero, and if 


O, t<o, 
I 


E 
E 


’ t>o, 
(20) reduces to 


I(t) = 2 [2Gol(2i + 1), f] — 2Go[8(2j + HE, o] 
+ 2¢~*%+MElt — (27 + 1)é]]. 


Each term of this summation corresponds to that portion of the arrival 
current which has suffered reflection j times at the sending end. 

More complicated problems involve no greater difficulties than this 
extremely simple one, excepting those which are involved in the mechani- 
cal processes of Harmonic Analysis and Mechanical Quadrature. 


10. INFINITE LINE. 


A word may be said as to the form assumed by these expressions if 
the line is infinite in length, so that there is propagation in one direction 
only. For this case 

I 
f= in th - 
1m 





V(in)e™=, 
I 
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in+k 


1m 
in +k 
[= ae 


im 





WV (in)eim=,| 


¢=- 


When these expressions are substituted in the formula for E(x, ¢) 
and I(x, ¢) it is seen that expressions exactly similar to J) above result, 
and the evaluation may be carried out accordingly in exactly the same 
manner as in the more general case. 


RESEARCH LABORATORIES OF THE AMERICAN TELEPHONE AND TELEGRAPH 
COMPANY AND WESTERN ELEcTRIC COMPANY, INC., 
New York City, September 23, 1918. 
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THE L-SERIES IN THE TUNGSTEN X-RAY SPECTRUM. 


By OswaLp B. OVERN. 


SYNOPSIS. 


Tungsten X-ray Spectrum, L-series; Wave-lengths.—Dershem’s results were 
verified, for the most part within 1/10 per cent., except in the case of 1.777 X 1078 
cm. which was found to have a wave-length of 1.202 KX 10-8 cm. Six new lines 
were discovered, four of which may belong to tungsten: 1.236, 1.213, 1.079 and 
0.793 X 10°§ cm. This last line appeared tight in contrast to the dark bromine 
absorption band in which it was located; an explanation of this fact is suggested. 
Dershem’s method was used with a very thin crystal and with very long exposures 
of the Coolidge tube. Four photographs are reproduced. 

Tungsten X-ray Spectrum, L-series; Two Groups of Lines Suggested.—Sixteen 
lines fall into two groups, each line of one having a wave-length 1.151 times that of 
of the corresponding line of the other. 

Molybdenum X-ray Spectrum, K Series—Three faint lines were measured which 
may belong to this series, wave-length 0.711, 0.706 and 0.629 X 1078 cm. 

Bromine X-ray Absorption Band.—Evidence of discontinuity found. 

Silver X-ray Absorption Band.—Evidence of discontinuity found. 

Thickness of a Soluble Crystal—Determined by a simple method. 


ie a recent paper! Dershem has given the results of photographs of 

the tungsten X-ray spectrum obtained by the use of a thin crystal 
of rock salt wherein he finds this spectrum to contain nineteen wave- 
lengths in the L-series which he claims to have measured to an accuracy 
of one tenth per cent. The large number of lines discovered for the 
first time by Dershem made it seem of importance to verify his work. 
With this in mind, the present experiments were undertaken with the 
additional object of finding more lines if possible.” 

The apparatus was the same as that employed by Dershem. The 
distance of the plate from the axis of the crystal was kept in the neighbor- 
hood of 30 cm. Although slits of various widths were used, the best 
results were obtained with a slit of the same width as that used by 
Dershem, namely, .032 cm. Except for a few changes in minor details, 
the method of measuring the plates was also the same as that used by 
Dershem. Seed’s X-ray plates were used. 

The departures from Dershem’s method were as follows: 

1. The length of exposure was made from two to six times as great 


, 


1 PHysIcAL REVIEW, N.S., Vol. XI., June, 1918, p. 461. 
2For accurate measurements of the L series of tungsten by various investigators the 
reader is referred to citations in Dershem’s article, loc. cit. 











138 OSWALD B. OVERN. SERIES. 


as the longest exposure used by Dershem. The actual length of exposure 
ranged from 10 hours to 31 hours per degree of rotation of the crystal, 
the power input being kept the same as in Dershem’s work. 

2. The thickness of the paper envelope enclosing the plate was reduced 
to half. 

3. A thinner crystal was used, the crystal used for most of the work 
having an average thickness of .0077 cm. This was measured as follows: 

The thickness of the crystal and glass to which it was fastened with 
wax was measured with a micrometer caliper. The crystal was then 
dissolved in cold water and the thickness of the glass and sealing wax 
again measured. The difference was considered the thickness of the 
crystal. 

No difficulty such as that described by Dershem due to the cracking 
of crystals when ground down to small thicknesses was experienced. 
Indeed one crystal was ground down to a thickness of less than .003 cm. 
and was used successfully in making a photograph of the spectrum. 
This photograph is shown in Fig. 4. The fogging of the plate seems to 
be materially diminished by the use of a very thin crystal. 


EXPERIMENTAL RESULTS. 


The wave-lengths corresponding to the lines found on the various 
plates are given in Table I. Most of the plates were exposed over a 
limited portion of the spectrum and hence all the lines are not found 
on any one plate. 

Where two plates are listed together they have been exposed on 
opposite sides of the apparatus and averaged. This, however, does not 
mean that every line appeared on both plates. The number of plates 
on which each line was observed is therefore placed in parentheses im- 
mediately at the left of each wave-length. The final averages are not 
weighted but each value is counted once for each plate on which that 
line appeared from which that value was calculated. Each plate, in 
turn, represents from five to ten separate observations. 

Average values of wave-lengths greater than 1.0 X 10-8 cm. have an 
estimated accuracy of one tenth per cent. Others are estimated to be 
accurate within two tenths per cent. Dershem’s values are placed in 
the last column for comparison. 

These results not only verify Dershem’s work but also show the 
existence of six more lines-not observed by Dershem. If we add to this 
list the L-series line found by Siegbahn! which has a wave-length of 
' about 1.66 X 1078 cm., the total number of lines exclusive of the K-lines 


1 Deutsch. Phys. Gesell., Verh. 18, 5, pp. 150-153, 1916. 
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is found to be 25. Whether or not these are all due to tungsten is how- 
ever open to dispute as will be shown below. 


TABLE I. 


Wave-lengths in 10-§ cms. Grating constant for rock salt = 2.814 X 10-8 cm. 








Plates 202, 
203. 


Plates 205, 
206. 


Plates 210, 
213. 


| 


| 


Plate 214. 


Plate 216. 


Average. 


Dershem’s 
Values. 





(1) 1.484° 
(2) 1.4731 
(1) 1.2992 
(1) 1.2878 
(2) 1.2794 
(2) 1.2608 
(2) 1.2425 
(1) 1.235 
(1) 1.2214 


(1) 1.213% | 


(1) 1.2097 
(1) 1.202° 
(1) 1.130 
(2) 1.0968 
(1) 1.0792 
(1) 1.0719 
(2) 1.0657 
(2) 1.0597 
(1) 1.043° 
(2) 1.0259 


7114 
.7074 


(1) 
(2) 


Br. (2) .9168 
Ag. (3) .483¢ 





(2) 1.2985 
(2) 1.2879 
(2) 1.2808 
(2) 1.2608 
(2) 1.245¢ 
(2) 1.2348 
(2) 1.2218 
(2) 1.2138 
(2) 1.2108 
(2) 1.2024 
(2) 1.1308 
(2) 1.0978 
(2) 1.0798 
(2) 1.0728 
(2) 1.0668 
(2) 1.0604 
(1) 1.0468 
(2) 1.027° 


l 
} 
| 
| 
| 





(2) .7928 
(2) .709° 
(2) .705° 
(2) .629! 
(2) .915? 
(1) .481° 


| 
| 


| 





1.473° 


1.2788 
1.259° 
1.241? 


1.0949 

1.064® 

1.058° 
Plate 211 


.709° 
705° 





1.4838 
1.472 
1.2965 
1.287! 
1.277° 


1.238° 
1.2208 
1.2125 
1.2084 
1.2018 
1.129° 
1.096? 


1.066° 
1.059® 
1.0257. 


.712° 
7077 


919? 
4844 





1.483° 
1.473! 
1.2984 
1.287? 
1.279% 
1.2598 
1.243¢ 
1.235° 
1.221? 
1.213? 
1.2097 
1.202! 
1.130? 
1.096’ 
1.0794 
1,07 24 
1.065° 
1.059® 
1.044° 
1.026% 

.7928 

.7108 

.706° 

629! 

9168 

483° 





1.4828 
1.472? 
1.2977 
1.2868 
1.2784 
1.2588 
1.2416 


1.220° 


1.2098 
1.1778 
1.129? 
1.095* 


1.070° 
1.0648 
1.0587 
1.042’ 
1.025* 


.7068 


aAFP 
483° 








The positions of all these lines in the spectrum are shown in Figs. 1, 2, and 3. 


It will be noticed that the agreement between the present results 
and those of Dershem is within one tenth per cent. save in the cases of 
the wave-lengths, 1.243‘, 1.096’, 1.202', 1.0724 and 1.044°. In the 
case of the first two, this difference can be explained by the fact that 
these lines, being very intense, are overexposed on my plates with a 
consequent widening of the image. Since the long wave-length edge of 
the line is measured, over-exposure will make the results a trifle too 
large. The discrepancy cannot be explained in this way for the other 
lines since they did not appear to be overexposed. The line 1.202! is 
listed by Dershem as 1.177°. Since Dershem’s value was found from 
observations on only one plate and mine from observations on four 
plates which agree well together (see Table I.) it is probable that Der- 
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shem’s value for this wave-length is in error far beyond his limit of experi- 
mental error. 

The wave-length 1.416° listed by Dershem has not been included in 
Table I. because it is the writer’s opinion that this is the second order 
of the wave-length .706° found on most of the plates. This second 
order line has appeared on only one of these plates (see Fig. 4) sufficiently 
strong to admit of measurement. This plate was exposed in a small 
apparatus and the measurement is not considered as accurate as the 
others. The value found is 1.419. If this is a second order line its true 
wave-length is .709 which does not compare so badly with the wave- 
length .706°. The line .7065 forms quite a close doublet with the line 
-7108 and it would therefore be reasonable to expect both lines to appear 
in the second order if one does. However, the intensity of the line .7108 
is so small in comparison to that of the line .706° that it is very difficult 
to bring it out even in the first order and hence it could not be expected 
to appear in the second order. A reference to Fig. 4 will show that 
the observed line is very faint. 

The line of wave-length .792* appears light on the plates in contrast 
to the others which appear dark as Fig. 3). There may be two explana- 
tions for this: 

. It may be the edge of an a band due to some substance 
Prost which the rays pass before reaching the plate. The rays pass 
through glass, air and paper. The edge of the absorption band would 
be at the short wave-length end of the spectrum of some element con- 
tained in these substances but the K-series wave-lengths of these sub- 
stances are far too large for this region. The ‘J radiations’’ for carbon, 
oxygen and aluminium, evidence for which has been found by Barkla 
and White, are far too short for this region. Therefore this assumption 
is not very probable. 

2. It may be the convergence wave-length of’ the L-series or some 
other series in the tungsten spectrum. The end of a series would appear 
as a dark band with a lighter region at the short wave-length end. This 
sudden change from dark to light is probably what has been observed 
here. As seen from the photographs, this line is in the region of the 
bromine absorption band and the general blackening of the plate makes 
it hard to observe. 

The line of wave-length 1.2132 makes a close doublet with the line 
1.209’ already found by Dershem (see Figs. 1 and 2). The close prox- 
imity of these two lines which are clearly resolved shows that the resolving 
power of the apparatus with the crystal used was at least 336 for that 
wave-length. 


1 Phil. Mag., 34, p. 270, Oct., 1917. 
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An examination of the bromine and silver absorption bands reveals 
several sudden but faint changes in the intensity of the blackening of 
the plate. This may indicate that this region is rich in spectrum lines. 
An attempt has been made to measure the wave-lengths of some of 
these but the work has not progressed far enough to make the results 
of any value. 

Of the lines which stand out prominently in this region, the wave- 
lengths .710° and .706° are within two per cent. of the wave-lengths of 
the K-series alpha lines of molybdenum found by other observers.! 
The wave-length .629' is within two per cent. of the value given by Blake 
and Duane? for the edge of the absorption band of molybdenum and 
hence may correspond to the K-series beta line of molybdenum. It is 
therefore probable that these three faint lines are the K-series lines of 
molybdenum produced by the molybdenum used in the construction of 
the Coolidge tube. 


Two Groups IN L-SERIES. 


A scrutiny of the wave-lengths thus far discovered revealed the fact 
that they may be divided into two groups which are exactly similar. 
Since the a line of Moseley is the principal line of one group and the 
8 line holds the same relative position in the other group, they have been 
called the ‘“‘a group”’ and “‘8 group”’ respectively. Their arrangement 
is shown in Table II. 














TABLE II. 
a Group B Group. 

d. A/rg: d. | A/Age 
1.4839 .993 1.2872 994 
1.4731 = dq 1.000 | 1.2793 = rg 1.000 
1.2984 1.134 1.1302 1.132 
1.2598 1.169 1.0967 1.167 
1.2434 1.185 1.07948 1.185 
1.23558 1.192 1.0724 | 1.193 

1.0659 | 1.200 
1.2212 1.206 1.0596 | 1.207 
1.21323 1.214 
1.2097 1.217 | 
1.2021 1.225 1.0446 | 1.225 
1.0263 1.246 














1 Kaye, ‘“‘ X-Rays,” second edition, Longmans, p. 226. 
Also Malmer, Phil. Mag., 28, 1914, p. 787. 

2 PHYSICAL REVIEW, X., Dec., 1917, p. 700. 
3 Lines found for the first time in this work. 
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Table II. is unique and gives evidence to show that there are at least 
two distinct series of lines in the L-series. The similarity of the two 
groups is shown by the second and fourth columns. There are two 
lines missing from each group to make it correspond to the other group 
which gives a possible suggestion as to where to look for new lines. 

Any line in the 8 group may be found from the corresponding line of 
the a group by dividing its wave-length by 1.151. 

A further discussion of these line groups will be left for a later paper. 

In conclusion the writer wishes to thank the Staff of the Physics 
Department of the State University of Iowa for the encouragement and 
inspiration received from them and especially Professor G. W. Stewart 
who suggested the problem. He is also indebted to Dr. Elmer Dershem 
for his initiation into the technique of the experimental work. 


PHYSICAL LABORATORY, 
THE STATE UNIVERSITY OF Iowa, 
July, 1918. 
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THE SPEED OF SOUND PULSES IN PIPES. 


By ARTHUR L. FOLEY. 


SYNOPSIS. 


Speed of sound pulses in short tubes placed near a spark source; measured by the 
photographic method. By a modification of this method, an instantaneous photo- 
graph was obtained of a sound pulse, part of which had come through a tube, while 
another part had come through free air. In this way the effect of short tubes of 
various sizes was determined*when their near ends were from one to five centimeters 
from the spark. Two photographs are reproduced which show that in some cases 
the pulse may travel faster through a short tube than in free air, and faster through 
the smaller of two tubes than through the larger. The speed through a tube was 
found to depend chiefly on the intensity of the pulse as it entered the tube, and this 
was true even when the motion of the air as a body was prevented by a thin col- 
lodion membrane stretched across one end of the tube. The mean speed was less 
the longer the tube. 

Speed of sound in tubes; historical summary with a discussion of the Kirchoff 
formula and a table of the results obtained by various methods for tubes of various 
sizes and materials, and for various pitches. 


HE speed of sound in pipes has been experimentally determined 
directly by measuring the time required for a sound (1) to pass 

from one to the other end of a pipe; (2) to return to the source after 
reflection from the closed distant end; (3) to pass through a U tube and 
return to the source. Of the several indirect methods one may name the 
calculation of sound speed from the length and frequency of an organ 
pipe, or the change in length necessary to restore the pitch of a pipe 
sounding a harmonic of known frequency. The so-called resonance tube 
method is practically the same as the organ pipe method except that the 
air column is thrown into vibration by means of a tuning fork or some 
other source of known frequency. The Kundt’s tube has been used with 
the familiar dust figures and it has been modified to permit the location 
of the nodal and anti-nodal points by using branch tubes to the ear, 
to a manometric flame, or to a capsule covered with a thin membrane 
carrying a tiny mirror. A further modification consists in using a double 
Kundt’s tube, a tube on each end of a vibrating rod which is rubbed at 
its middle point. Of the several interference methods Quincke’s double 
tube method is the simplest. A sound passing through a tube divides 
at a Y and is reunited at a second Y after the two parts have traveled 
through branch tubes of unequal length, adjusted to give either con- 
structive or destructive interference as desired. 
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In 1862-63 Regnault,! in Paris, made an elaborate series of experiments 
on the speed of sound in newly laid water pipes. As sources of sound 
he used a pistol, explosions and musical instruments. Both ends of the 
pipes were closed and the sound was produced at one end. The wave 
passed back and forth through the pipe many times, its time of arrival 
at the end being recorded on a chronograph drum by a stylus operated 
electrically when the sound wave impinged on a thin membrane and 
closed an electric circuit. From these experiments Regnault concluded 
that the speed of sound is greater in large pipes than in small ones; that 
the speed tends to a lower limit as the distance from the source increases 
and therefore as the intensity of the sound decreases; and that the 
limiting speed is the same for all sources. Rink objected to Regnault’s 
conclusions on the ground that the first few coursings of the sound 
through the pipes was affected by the motion of theair in a body, caused 
by the explosion. Omitting the first two passages Rink? concluded from 
Regnault’s experiments that neither the distance from the source nor 
the charge of powder used had any effect on the speed of the wave, in 
other words, that the speed of sound is independent of its intensity. 
On this point, however, most subsequent experimenters agree with the 
conclusion of Regnault. They agree also that the speed of sound in a 
pipe is a function of its diameter. They differ from Regnault by finding 
that the speed is a function of pitch, being greater for notes of high pitch. 

In Table I. the writer has tabulated a few of the results obtained by 
various experimenters. It will be observed that the speed was found 
to depend on the material of the walls of the tube, on the diameter of 
the tube, and on the pitch of the sound. Most of the work referred to 
in the table was done for the purpose of arriving at an equation con- 
necting these variables. The problem was attacked theoretically by 
both Helmholtz* and Kirchoff,* who arrived at equations reducible to 
the form 


c 
@=o1 I - — I], 
( 2r V2 ™m ) 
where u is the speed of sound of frequency in a pipe of radius r, v being 
the speed in free air. According to Helmholtz c is the viscosity of the 


gas while Kirchoff makes it depend on heat conduction between the 
gas and the wall of the tube. Kayser® found that the equation holds 


1V. Regnault, Mem. de 1’Acad. Paris, 37, I., 3, 1868; Comptes Rendus, 66, 209, 1868; 
Phil. Mag., S. 4, V. 35, p. 161, 1868. 

2H. J. Rink, Pogg. Ann., V. 149, p. 533, 1873. 

3H. v. Helmholtz, Wissench., Abhandl., V. 1, p. 338, 1882. 

4G. Kirchoff, Pogg. Ann., V. 134, p. 77, 1868. 

5 H. Kayser, Wied. Ann., V. 2, p. 218, 1877. 
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TABLE I. 
Speed of Sound Waves in Pipes. 








\Frequency. Diameter of Speed, 


Pipe. | | Pipe, cm. | cm./sec. 


Observer. Method Used. | Source of Sound. | Kind of 





Wertheim,’ Organ pipe | Brass | 
1844 ; ow | 2.0 | 330.11 
| | 2.0 | 330.23 

| 


4.0 332.10 
7.0 330.66 


| 1.0 329.12 
Glass | 
Brass | 
Le Roux,”? | Modified Reg- | Tap on mem- | 
1867 nault method! brane over 
end of U tube | 
Kundt,? | Double | Longitudinal 
1868 Kundt’s tube,| vibrations of 
| dust figures. a glass tube. 


| 


| 








| | 
Regnault,* See text above | Pistol, charge 
1868 | of .4 gm. 
| powder 


Seebeck, | Resonance Tuning fork 
1870 | tube, sliding 
piston lateral 
| ear tube to. 


locate nodes. | 
| 


Blaikley,® | Closed Sound pro- 
1879 | resonance duced by 

| tube, length | blowing 
adjusted to | across end of 
pitch of open tube itself. 
| tube. 

Blaikley,’ | 

| 

| 


Special form of Organ pipe 1.17 324.56 
1883 


organ pipe. blown with , 1.95 | 326.90 
| constant air 3.25 328.78 
pressure. 5.41 | 329.72 

| 8.82_| 330.13_ 











1 Pogg. Ann., Bd. 77, s. 427, 1844. 

2 LeRoux, Ann. Chim. Phys., (4), 12, 345, 1867. 

3A. Kundt, Pogg. Ann., Bd. 135, s. 333 u. 527, 1868; Phil. Mag., V. 36, p. 4, 1868. 

4V. Regnault, loc. cit. 

5 A. Seebeck, Pogg. Ann., Vol. 139, p. 104, 1870; Ann. Chim. Phys., s. 4, Vol. 15, p. 487 
1870; Abstract, Phil. Mag., s. 4, Vol. 40, p. 231, 1870. 

§D. J. Blaikley, Phil. Mag., V. 7, p. 343, 1879. 

7D. J. Blaikley, Phil. Mag., V. 16, p. 447, 1883. 
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TABLE I (Continued) 























Observer. Method Used. | $ource of Sound. ae of | Frequency.|Diameter of) Speed, 
; ipe. Pipe, cm. | cm./sec. 
Law,} Resonance Tuning fork. Glass 256 0.93 320.60 
1894 tube, branch [| - 512 0.93 323.60 
tube to ear. os 1023 0.93 325.29 
= 256 1.71 325.24 
i 512 1.71 326.70 
, * 1023 1.71 | 327.80 
| S 256 2.80 327.29 
| 512 2.80 328.33 
; « 1023 2.80 | 328.68 
| 
Stevens,? | Quincke’s Tuning fork. ‘Porcelain | 600 | 4.00 331.29 
1902 Interference oo oe 4.00 | 331.54 
method. | Iron 508 | 4.00 | 330.95 
| 

Miiller,’ Resonance Tuning fork Glass 903 0.37 317.2 

1903 tube. electrically | | 903 0.68 322.9 

Dust figures. | driven. | 903 1.55 327.3 

| 2482 0.37 | 323.0 

| 2482 0.68 325.4 


2482 1.55 








Quincke’s Glass 384 0.101 | 258 

















1904 Interference 384 0.151 | 282 
| tubes. . 512 0.101 | 265 
| . 512 0.101 | 290 
‘i Brass 384 0.099 | 189 
“ | 384 0.148 | 230 § 
| “ |} 512°} 0.099 | 208 
| . | 512 0.148 | 253 
| Rubber | 512 0.150 | 195 

















| if c is placed equal to 0.0235 instead of the theoretical value 0.00588. 
i Schneebeli® and Seebeck* found the equation true only so far as it 
connects speed and pipe diameter, and that the decrease in speed is 
inversely proportional to the square root of the cube of the frequency. 
According to Miller’? the Helmholtz equation has no general validity. 
According to Schulze® the “‘constant”’ ¢ was found to range between 
0.0075 and 0.025, depending on the diameter and nature of the tube. 











1J. W. Low, Ann. der Phys., V. 52, p. 641, 1894. 
2? E. H. Stevens, Ann. der Phys., V. 7, p. 285, 1902. 

3 J. Miiller, Ann. der Phys., V. 11, p. 331, 1903. 

4F. A. Schulze, Ann. der Phys., V. 13, p. 1060, 1904. 
5 H. Schneebeli, Pogg. Ann., V. 136, p. 296, 1869. 

6 Loc. cit. 

7 Loc. cit. 

8 Loc. cit. 
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Sturm! found that the Kirchoff formula was not valid for different tubes 
and frequencies while the results obtained by Wertheim? and by Blaik- 
ley? support the theoretical equation. Thus it will be seen that there 
is no consensus of opinion on the question of the speed of sound waves 
in tubes and the theoretical equations connecting speed, diameter and 
pitch have not been verified. It will be noted, further, that the speed 
of sound waves in tubes of small diameter has been found in every instance 
by the Kundt’s tube or some resonance tube method. The conditions 
obtaining for a stationary wave are so different from those in the case 
of a traveling wave that the speed calculated for the former is not neces- 
sarily the true speed of the latter. The direct methods of Regnault 
and others have been applied to large tubes only, and they are open to 
the objection that the wave recording devices are subject to a time lag 
which depends on the intensity and type of the wave, both of which vary 
with the distance from the source. To avoid these various sources of 
error it occurred to the writer to photograph simultaneously two portions 
of the same wave, one part traveling in free air, the other passing through 
a tube, and then compare their speeds directly. 

The general plan of the experiment is shown in Fig. 1, in which the 
light spark, the sound producing spark and the sound wave are shown 
in section while the tubes 7;, T2, 73, 74, through which the sound passed, 
and the dry plate P, are shown in perspective. B, B’ are brass rods, 
bent as shown, and tipped with platinum points to form a sound spark 
gap about 2.5 cm. long. To prevent light from this spark from falling 
on the photographic plate a hard rubber disk or button was placed on 
each terminal of the gap. A spark passing between the platinum points 
generates a cylindrical wave with hemispherical ends, shown in cross 
section at WW’. Suppose, while the wave is in this position, that a 
spark occurs at the light gap. The light rays above x and below z are 
practically unaffected. The entire plate is therefore about equally 
illuminated, except for the region lying between where the rays x and z 
strike the plate. If the wave is a condensation the ray Y is bent toward 
the center. Remembering that the wave is cylindrical we should have 
on the plate a dark ring shadow DR outside and a light ring LR inside, 
both concentric with D, the shadow of the rubber disk. If the wave 
were a rarefaction the dark ring would be on the inside. This fact 
enables us to know whether or not in a given case, there is any change 
of phase on reflection, etc. EE’ are terminals of an electric machine 
capable of yielding sparks 20 cm. long. Sparks from these terminals 

1J. Sturm, Ann. d. Phys., V. 14, p. 822, 1904. 


2 Loc. cit. 
3 Loc. cil. 
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pass across the gaps GG’ and through the sound gap and light gap, 
which are in series. The spark in the latter is made to occur a little 
later than the one producing the sound wave, by a capacity K. The 
reader is referred to an earlier article' for fuller details of the method. 
I shall describe here only what is special for this investigation. 

Concentric with the sound gap is a half ring cut from a piece of brass 
tubing 3 cm. in diameter and 5 cm. long. The half ring is supported 
by a rod R and itself supports radially four brass tubes 7), 72, T; and T, 
respectively 0.25 cm., 0.48 cm., 0.8 cm., and I.15 cm. in internal diameter, 
each 2.5 cm. long. The shadow of the half ring and the four tubes is 
shown on the plate. The supporting rods B, B’ and R were arranged in a 
line with the light gap so as to show but one shadow on the plate. With 
this arrangement one half the sound wave travels in free air. The other 
half is cut off except for the portions which enter the tubes. 

Fig. 2 of Plate I. shows the result, when the sound wave was what 
I shall call intense—produced when six ‘‘three quart’’ leyden jars CC’ 
were used on each electrode in addition to the jars with which the electric 
machine was equipped, and the capacity K consisted of eighteen jars. 
A weaker wave was obtained by removing five jars from each terminal 
of the machine and by reducing the capacity K from eighteen jars to six 
jars. The difference in the sound intensities in the two cases was very 
noticeable to the ear. The difference in the light intensities was quite 
marked. With the heavier discharge a ten-minute tank development of 
the dry plate gave a much denser negative than a thirty-minute develop- 
ment in the case of the lighter discharge. 

To show at a glance just what has happened I have drawn on Fig. 2 
a broken line circle with the sound gap as center. To avoid confusion 
the circle is drawn just outside the free wave. It will be noted that the 
waves through the tubes lie well outside the circle, showing that their 
speed is greater than the speed of the wave in free air, and that the speeds 
of the waves through the four tubes are apparently the same, although 
the tube diameters are in the approximate ratios of I, 2, 3 and 5. 

Fig. 3 was obtained by replacing the four short tubes by two longer 
ones of 0.25 and 1.15 cm. internal diameter, respectively, each 10 cm. 
long, and adjusted radially as in Fig. 2. The ends of the two tubes 
included but half the length of the sound gap, so that the other end of 
the cylindrical wave traveled outward in free air. It will be noted that 
here again we have a greater speed through the tubes than in free air, 
and what is more, that the speed through the smaller tube is the greater. 

On the original negative from which Plate I. is a reduced print, the 


1 PHYSICAL REVIEW, V. 35, P. 373, 1912; Proc. Indiana Acad. Sci., p. 305, 1915. 
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tube shadow is 4.56 cm. long and the tube wave 0.48 cm. in advance of 
the free wave. Assuming the entire gain in space traversed occurred 
while the wave was inside the tube, an assumption which I think is not 
altogether true, the relative increase in speed is the ratio of 0.48 to 4.56, 
or 10.5 percent. In the case of Fig. 3 the shadow length is 16.5 cm. and 
the gain of the wave in the smaller tube .89 cm., corresponding to a 
speed increase of 5.4 per cent. Comparing Figs. 2 and 3, it would 
appear that more than half the gain was made in the first fourth of the 
tube’s length, and that if the tube were long enough the speed might 
drop to the values obtained by other experimenters, or even below—for 
their results are averages through tubes of considerable length. 

The writer makes the above calculations merely as an illustration of 
what occurred in the case of Figs. 2 and 3, and not because he attaches 
any significance whatever to the values given. As a matter of fact they 
have no significance. The writer has photographs which show sound 
waves through pipes all the way from twenty per cent. behind to twenty 
per cent. ahead of the portions of the wave that traveled in free air. The 
speed is chiefly a question of the intensity of the wave as it enters the pipe. 
In the space near a sound source the intensity of a wave decreases very 
rapidly with increase in distance. Inside a pipe a wave can not spread 
out and so its intensity, if the pipe is smooth and rigid-walled, varies 
slowly. If, then, the end of a short pipe is near a sound source, such as 
an electric spark, the average intensity of the portion of the wave inside 
the pipe is greater than the average intensity of the wave outside, and 
the former, therefore, moves the faster. The writer tested this con- 
clusion in several different ways, a few of which will be given. 

1. An intense spark gave a greater difference between the speed in 
tubes and free air than a weak spark, particularly in the case of long 
tubes. 

2. Pictures of waves through tubes varying from 2.5 cm. to 20 cm. 
in length showed that the tube speed was greater at first than the free 
air speed, but that it gradually decreased and eventually became less 
than the free air speed. An attempt to photograph waves at different 
points inside the tubes failed. Neither glass nor transparent quartz 
tubes would transmit enough light from the illuminating spark to affect 
a dry plate. 

3. When two tubes of the same diameter and length were placed 
radially to the sound gap and with their ends near and at the same 
distance from the gap, each of the tube waves showed the same gain 
over the free air wave. When one of the tubes was moved radially 
toward the spark so that the intensity of the wave entering it was greater 
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than the intensity of the wave entering the other tube, the wave through 
the former. gained on the wave through the latter. When both tubes 
were moved away from the gap the gain in each was correspondingly 
decreased. At a distance of two to five centimeters, depending on the 
intensity of the spark and to a less extent upon the size of the tube, 
the tube speed became less than the free air speed. 

4. Two tubes, each 20 cm. long, were soldered together side by side 
and one sawed in two, crosswise, near the middle, making a cut about 
2 mm. wide. When a wave passed the cut a part of its energy was lost 
and the wave emerged from the far end of the divided tube behind the 
wave through the continuous tube. 

5. When a thin membrane of collodion, as used in making the lenses 
described in a former paper, was stretched across the end of a tube the 
wave speed through the tube was diminished. The decrease was greater 
when the membrane was on the end of the tube next the sound spark, 
than it was when placed on the far end. This result is readily explained 
when one considers the twofold effect of a membrane closing the end of a 
tube. In the first place, it either entirely or partially prevents the air 
in the tube moving bodily, depending respectively on whether the mem- 
brane is on the end of the tube next to or farthest from the sound spark. 
In the second place, if the membrane is placed next the spark so much 
of the wave energy is reflected at its surface that the intensity of the 
wave through the tube is greatly diminished. Inasmuch as the writer 
obtained photographs when the membrane was next the spark gap show- 
ing wave speeds greater for intense than for weak sparks, it is clear that 
Rink and others are wrong in their contention that sound speeds above 
normal are necessarily to be attributed to a motion of the air in a body. 

While the speeds determined in this investigation are relative only, 
the experiment establishes the following conclusions: 

1. The speed of a sound pulse in a short pipe may be greater than 
the same pulse in free air, and it may be greater in a small pipe than in a 
large one. 

2. The speed of a sound pulse in a pipe depends on the intensity of 
the pulse as it enters the pipe rather than upon the intensity of the sound 
source. 

3. The speed of a spark wave through a pipe may be increased by the 
motion of the air in a body, but strong sparks give an increased wave 
speed near the spark, even when such motion is prevented. 

4. The speed of sound in tubes can not be represented by the Helm- 
holtz equation or by any other equation which is independent of intensity. 

5. Accurate determination of the speed of a traveling wave can not 
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be obtained by measuring wave lengths and frequencies of standing 
waves. 


In a paper to be published soon the writer will describe an experiment 
in which he has measured the absolute speed of sound by a photographic 
method. 


WATERMAN INSTITUTE FOR RESEARCH, 
INDIANA UNIVERSITY, 
March, 1919. 
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PROCEEDINGS 


OF THE 


AMERICAN PHysSICAL SOCIETY. 


MINUTES OF THE NINETY-SEVENTH MEETING. 


HE ninety-seventh meeting of the American Physical Society was held 
at the Bureau of Standards, in Washington, D. C., on Friday and 
Saturday, April 25 and 26, 1919. In accordance with a resolution of the coun- 
cil, the meeting was given over entirely to special papers and exhibits of appar- 
atus, illustrating the application of physical principles to the solution of prob- 
lems arising from war conditions. The program and arrangements were 
entirely in the hands of a special committee consisting of the following: G. K. 
Burgess, chairman, F. A. Wolff, in charge of exhibits, G. O. Squier, J. S. Ames, 
E. B. Rosa, and A. W. Duff. 

This meeting, which was attended by about three hundred members and 
visitors, was perhaps the most interesting and important which the Society 
has ever held. It is doubtful whether such an amount of important scientific 
work has ever before been presented at any scientific meeting in this country. 
There were four sessions for the reading of papers, the presiding officers being 
President Ames and past-President Bumstead. 

The program consisted of fifty-two papers presented upon invitation of the 
committee, and of one hundred and eighty-eight additional titles which were 
submitted as a record of work accomplished, but which for various reasons 
could not be presented in the form of papers. The larger part of the work 
described has been carried on unde: the direction of various government de- 
partments and bureaus, and many of the papers were of a semi-confidential 
nature and were ‘‘released for verbal presentation only,” it being understood 
that there would be no further publication by the Physical Society except by 
special permission. A few of the papers of general scientific character, by 
members of the Society, will be published in the usual manner. 

The exhibits were displayed in fifteen or more rooms in the new Industrial 
Building of the Bureau of Standards. The arrangements were most satis- 
factory in every respect. There were fifty-six exhibitors, and several thousand 
exhibits were listed under about five hundred and fifty titles. The exhibition 
was open on Friday and Saturday, including Friday evening, April 25 and 26; 
it was also open on Monday and Tuesday, April 28 and 29, on account of the 
meeting of the National Academy of Sciences. It is estimated that about two 
thousand persons visited the exhibition. 




















> ial THE AMERICAN PHYSICAL SOCIETY. 153 


At a meeting of the council held on April 26, 1919, the following elections 
took place: elected to regular membership, Dinsmore Alter; transferred from 
associate to regular membership, Millard B. Hodgson and Theodore T. Smith; 
elected to associate membership, Harmon S. Boyd, William G. Brombacher, 
Robert Burt, V. Bush, J. A. Dent, Harold P. Donle, A. L. Fitch, P. H. Graham, 
W. R. Gregg, W. G. Housekeeper, M. J. Kelly, Emran J. Kolkmeyer, John E. 
Morecroft, Raymond Morgan, Mary C. Nail, H. S. Read, Harry D. Smyth, 
Toshio Takamine, W. D. Tillyer, A. D. Udden. 

The program of papers presented and read is as follows: 

Experimental Work on Airplane Photography, U. S. Air Service. H. E. 
IVEs. 

Photography of Trajectories. A. W. Durr and L. P. S1gc. 

Psychology and Physics Applied to the Flyer. K. DuNLApP. 

Determination of Position of Shell Burst by Photography at Night with the 
Stars. F. R. Mouton. 

Forces on Projectiles, Due to Air Streams of High Velocities. G. F. HULL 
and L. G. BriGGs. 

Progress in the Design of Artillery Projectiles. O. VEBLEN. 

Method of Testing Drop-bombs. A. W. EWELL. 

The Pressure Waves Due to the Discharge of Large Guns. D.C. MILLER. 

An Interesting Observation of Light Reflection on Water and its Applications. 
F. C. Brown. 

Tree Telephony and Telegraphy. G. O. SQUIER. 

Quantity Production of Vacuy m Tubes for Military Use. N.H. SLAUGHTER. 

Determination of Geographic Position of Airplanes by Astronomical Obser- 
vations. J. P. AULT. 

Radio Direction Measurements with Particular Reference to the Effects 
of Daylight and the Use of Undamped Waves and Spark Transmitters. C. 
KINSLEY and A. SOBEY. 

High Frequency Currents on Wires. J. O. MAUBORGNE. 

Inclinometers for Airplanes. D.L. WEBSTER. 

General Investigation of Altitude Instruments. M. D. Hersey, A. H. 
Mears and H. B. HENRICKSON. 

General Investigation of Air Speed Indicators. F. L. Hunt. 

General Investigation of Tachometers. G. E. WASHBURN. 

Accuracy Obtained in Sound Ranging in the A. E. F. A. TROWBRIDGE. 
Airplane Navigation. H. N. RussELL. 

Location of Aircraft by Sound. G. W. STEWART. 

Electrical Transmission of Information in Airplane Detection by Binaular 
Method. J. P. MAXFIELD. 

Production of Helium. H. N. Davis. 

Electrostatic Dangers to Balloons. W. F.G. SWANN and G. S. FULCHER. 

The Principles of Camouflage. M.LUCKIEsH. 

Transatlantic Flight from the Meteorologist’s Point of View. W.R. GREGG 
and C. F. BRooks. 
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Effect of Winds and Other Atmospheric Conditions on Airplanes. C. F. 
BROOKS. 

The Meteorological Work of the American Army. R. A. MILLIKAN. 

The Use of the Oscillograph for the Study of Ballistic Problems. H. L. 
Curtis and R. C. Duncan. 

Use of Coil Aerial as Direction Finder and Transmitting Device. F. A. 
Ko_sTER and L. E. WHITTEMORE. 

Improvements in Precision Measurements at Radio Frequencies. J. H. 
DELLINGER. 

Report on the Applicability of Ultra-violet Radiation to Signaling. I. G. 
PriEsT and K. S. GIBson. 

Detection of Invisible Objects by Heat Radiation. S. O. Horrman. 

Infra-red Signaling. W. W. CoBLENTz. 

The Use of Interference Methods in the Calibration of End Standards. 
C. G. PETERS. 

High Precision Reference Blocks. W. E. HOKE. ° 

High Power Searchlamps and Their Characteristics. E. KARRER. 

Application of Physical Laboratory Methods to the Study of Aircraft 
Power Plant Problems. H.C. DICKENSON and STAFF. 

Study of Flame Propagation in Cylinders of Aircraft Engines. D. Mac- 
KENZIE, R. K. HONAMAN, F. B. SILSBEE and L. G. SAWYER. 

Characteristics of Vapor-pressure Thermometers. C. W. WAIDNER, E. F. 
MUELLER and R. M. WILHELM. 

Rapid Methods of Binocular Testing. W. O. Lytle. 

Determination of Refractive Indices by the Tank Immersion Method. 
W. H. Taytor. 

Non-Rectilinear Propagation of Long Electromagnetic Waves. A. H. 
TAYLOR. 

A Method and Instrument for the Measurement of the Visibility of Objects. 
L. A. JONEs. 

Submarine Detection Problems. M. Mason. 

Characteristics of a High Speed Signal Lamp. A. G. WorTHING. 

A Precision Study of Quenching. N. B. PILLING. 

Evolution and Absorption of Gases in Glasses. D. ULREy. 

High-velocity Jets of Gas, Applicable to Rockets. R.H. Gopparp. 

- Modulation for Radio Signaling. R. A. HEIsING. 

Phase Relations in Vacuum Oscillators. M. K. AKERs. 

High Frequency Bridges. C. R. ENGLUND. 

The following papers were presented by title only: 

Bureau of Aircraft Production: Military Aeronautics. Compasses for Air- 
planes, R. C. WILLIAMSON and J. A. THomson. Ultra-violet Signals and 
Trench Signalling, J. T. Tate. Leak-Proof Tanks for Airplanes, G. S. Fut- 
CHER. Infra-red Signalling (Dyscrasite), T. Case. An Internally Damped 
Pendulum, R. W. Witson. A Gyroscopic Inclinometer, A. H. Compton. 


An Air-speed Meter Independent of Density, C. F. Ketrertnc. A Gyro- 

















a mee THE AMERICAN PHYSICAL SOCIETY. 155 
scopically Damped Pendulum, A. W. Durr and W. A. Hype. Double-drift 
Methods for Ground-speed, A. W. Durr. Bubble Sextant for Airplane, 
R. W. Witson. Gyroscope with Double Magnetic Erector, A. N. LUCIAN. 
A Gyroscopically Stabilized Camera, W. A. Hype. A Liquid Oxygen Con- 
tainer, C. A. Kraus. A Gyroscopic Integrator for Ground-Speed; Electrical 
Method for Ground-speed, C. BARus. Photographic Method for Air-speed 
Determination, L. P.S1eGc. Drift Sight for Cross-wind Flying, D. L. WEBSTER. 
Color Filters for Detecting Camouflage, F. A. SAUNDERS. Signalling Lamp 
Devices, R. W. Woop. 

Naval Radio Laboratory. Short Wave Reception and Transmission on 
Ground Wires; Long Wave Reception and the Elimination of Strays on Ground 
Wires; Variation in Direction of Propagation of Long Electro Magnetic Waves; 
A. H. Taytor. Application of Subterranean Radio Reception to Remote 
Control Stations, A. H. TAYLor and A. CROSSLEY. 

Ordnance U. S. Army. Certain Results on Air Resistance as Affecting the 
Flight of Drop Bombs, F. C. Brown. Optical Glass Developments, F. E. 
WriGHT. Window and Mirror Position Finders and Accuracy of Results, 
A. L. Loomis. The Use of the Acoustic and Magnetic Effects of a Projectile 
in Flight in Determining the Complete Path of the Projectile and its Velocity. 
and Retardation at Any Point, G. F. Hutt. The Development of the Aber- 
deen Chronograph, P. E. Kiopstec. Physical-Chemical Developments in 
Explosives, A. W. Hixon. 

Weather Bureau. Short Report of the Climatology of France and Belgium, 
E. C. Day. Meteorology in Aéronautics, W. R. BLarr. Mean Values of 
Free Air Barometric and Vapor Pressures, Temperatures and Densities over 
the United States, The Turning of Winds with Altitude, W. R. GREGG. Phys- 
ics of the Air; Holes in the Air; Summer and Winter Temperatures, Pressures, 
Humidities and Densities at Various Elevations in the Region of Northern 
France, W. J. HUMPHREYs. 

Bureau of Standards. An Electrical Control System for Aircraft Guns 
which Shoot Between the Blades of the Propeller, F. WENNER and W. R. 
Wricut. A Study of a Hydraulic Machine Gun Synchronizing Gear. H. L. 
CurTis and R. MorGan. A Study of Naval Gun Firing Circuits, H. L. 
Curtis. A Determination of the Time Elements in the Firing of Primers, 
H. L. Curtis, MARGARET ROGERS. Methods of Controlling the Time of 
Primer Fire, H. L. Curtis, R. C. DuNcCAN and H. H. Moore. Study of the 
Dispersion of Fire of Heavy Naval Guns, H. L. Curtis, R. C. Duncan, H. H. 
Moore and E. S. Purrtncton. A Time pressure Gage for Measuring Gun 
Pressure, H. L. Curtis, F. E. KESTER and R. C. Duncan. Location of Me- 
tallic Bodies by Electrical Inductance Methods, H. L. Curtis and M. C. 
BaTsEL. A Study of the Cotton-Weiss Sound Ranging System, H. L. Curtis 
and L. W. McKEEHAN. Instruments for the Detection of Mining Operations, 
H. L. Curtis, E. B. STEPHENSON, E. C. CRANE, W. G. Dow. The Motion of 
a Rotating Projectile, H.C. RicHarps. Electrical Conduction in Porcelain, 
F. B. SILSBEE and R. K. HONOMAN. Notes on the Physics of the High-tension 
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Magnets, F. B. StmtsBEE. The Use of Subsidiary Spark Gaps in Ignition 
Systems, W. S. Gorton. Development of Induction Signalling for Airplane 
Landing, F. A. Kotster. Development of Apparatus for Submarine Radio 
Communication, J. A. WiLLoucHBy and P. D. Lowett. Electric Wave 
Transmission Formulas for Antenna and Coil Aerials, J. H. DELLINGER. 
Properties of the Insulating Materials of the Phenol Type, J. H. DELLINGER 
and J. L. Preston. Inductance, Capacity and Resistance of Coils at Radio 
Frequencies, L. E. WHITTEMORE and G. BREIT. Applications of the Cathode- 
ray Oscillograph in Radio Work, L. M. Hutt, L. E. WuHittemore. Electrical 
Performance of Dry Batteries, G. W. VINAL and L. R. KOLLER. Factors 
Determining Service- and Shelf-life of Dry Cells, H. D. HoLLER. Studies of 
Radium Luminous Materials, N. E. Dorsey, P. T. WEEks, T. B. Brown and 
ELIZABETH YUNG-Kwal. Study of X-Ray Protective Materials, N. E. Dor- 
sEY, W. S. Gorton, P. T. WEEKs and Nina M. ALDERTON. An Expeditious 
Graphical Method Applicable to Radium Measurements, N. E. Dorsey. 
Precision Micrometers, J. A. ANDERSON and C. A. Briccs. Arrangement of 
Projection Lantern for Measuring Screw Threads, C. A. BricGs and H. L. 
VAN KEvuREN. Elastic Indentation of Steel Balls, C. A. Briccs, H. G. HEm, 
W. C. CHapin. Length Changes of Iron and Steel on Passing Through the 
Critical Regions between 700 and 950° C., W. SouDER and P. HIDNERT. 
Thermal Expansivity of a Few Insulating Materials, W. SoupER, P. HIDNERT. 
Physical Properties of Methane at Low Temperatures, N. S. OsBorneE, C. W. 
Kano _t, H. F. Stimson, T. S. SLiGH and C. S. CraGorE. A Device for Im- 
proving the Operation of Thermoregulators, T. S. SticgH. The Influence of 
Temperature on the Velocity of Inversion of Sucrose, R. F. JACKson and 
Ciara L. Grtis. A New Cadmium Lamp for Continuous Operation, F. 
Bates. The Magnetic and Natural Rotation of Quartz at High Temper- 
atures, F. Bates and F. B. PHELtps. A New Point on the Thermometric 
Scale; the Transformation Temperature of Quartz, F. BATEs and F. P. PHELPs. 
The Magnetic Rotation of the Iron-oxygen System at High Temperatures, 
F. Bates and F. P. PHELps. Optical and Photographic Methods for the 
Detection of Invisible Writing, I. G. Priest and E. P. T. Tynpatit. The 
Color Grading of Red Signal Flares, I. G. Priest. The Spectral Transmission 
of Various Selective Ray Filters Used to Detect Camouflage or Improve 
Visibility, K. S. Grsson, E. P. T. TynpALt and H. J. McNicuHoas. Radiant 
Power Life Tests of Quartz Mercury Vapor Lamps, W. W. CoBLeEntz, M. B. 
Lonc and H. KAHLER. Portable Volume Standard for Gases, M. H. STILLMAN. 
Photographic Method of Detecting Changes in a Group of Objects with 
Especial Reference to Camouflage, M. H. STILLMAN. Optical Properties of 
Balloon Fabrics, W. W. CoBLENTz, M. B. Lonc and H. KAHLER. Photoelec- 
tric Sensitivity of Molybdenite and Various Other Substances, W. W. CoBLENTZ 
and H. Kau_Ler. Amplification of Bolometer Current for Signaling Purposes, 
W. W. CosBLentz. Protection of Moving Picture Film from Heat of Lamp, 
W. W. CoBLEentTz. Reflecting Power of Stellite and Lacquered Silver Mirror, 
W. W. CoBLentz and H. KawLer. Instruments and Methods of Radiometry, 
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III.—Selective Radiometers, W. W. CoBLENTz. Effect of Ultra Violet Light 
upon Lacquers for Protecting Tarnishable Metallic Surfaces, W. W. CoBLENTz 
and H. KanLer. Thermal-radiophonic Signaling Devices, W. W. CoBLENTz. 
Note on the Distribution of Energy in the Visible Spectrum of a Cylindrical 
Acetylene Flame, W. W. CoBLENtTz. Comments on Spectral Radiation For- 
mule, W. W. CoBLENTz. Note on the Coefficient of Total Radiation of a 
Uniformly Heated Enclosure, W. W. CoBLENTz. The Size of Smoke Particles, 
P. V. WELLs and R. H. GERKE. Measurements on the Index of Refraction 
of the Saturated Vapor of Ammonia and of Ethyl Chloride in the Temperature 
Interval, —50° to +50° C., C. G. PETERS and C. S. CraGcor. General Study 
of Aéronautic Instruments, M. D. Hersay, F. L. Hunt. On the Theory of 
Irreversible Time Effects, M. D. Hersay. Ink Substitutes for Recording 
Instruments, F. L. Hunt. Vibration Stands for Instrument Testing, F. L. 
Hunt, J. B. Peterson, G. E. WasHBurn. A Study of Vibrometers, C. 
NusBaum and H. O. STEARNS. Experiments on Diaphragms, H. N. Eaton 
and J. R. FREEMAN, JR. A Theorem Relating to the Effect of Temperature 
on Bodies of Constant Shape, M. D. Hersay. Errors of Barometric Altitude 
Determination, M. D. HERsay. Computation of Standard Altitude-pressure 
Tables, W. G. BROMBACHER. Testing of Altitude Instruments, A. H. MEars, 
H. B. HENrRIcKsoN, W.G. BROMBACHER. Mercurial Altimeters for Laboratory 
Standards, G. E. WAsHBURN and J. B. PETERSON. Theory of the Aneroid 
Barometer, M. D. Hersay. A Method for Converting Low Altitude Into 
Altitude Barographs, M. D. Hersay. Designs Relating to Improvements in 
Aneroid Barometers, J. B. PETERSON. General Investigation of Statoscopes 
and Rate-of-climb Indicators, A. H. Mears. Principles of Ground Speed 
Measurement, F. L. Hunt. The Testing of Air Speed Indicators, H. O. 
STEARNS. Design for a Recording Air Speed Indicator, F. L. Hunt and H. O. 
STEARNS. The Testing of Tachometers, R. C. Sylvander. Master Tachom- 
eters, G. E. WASHBURN and R. C. SyLVANDER. Design of Centrifugal Tachom- 
eters, G. E. WaAsHBURN. General Investigation of Oxygen Instruments, 
F.L. Hunt. The Testing of Oxygen Instruments, L. A. HoFFMAN. Investi- 
gation of Inclinometers, M. H. Stirtman. Development of New Inclinom- 
eters, M. H. Stirtman. Theory of a Spinning Top on an Airplane, W. S. 
FRANKLIN. Investigation of Gyroscopic Inclinometers, W. S. FRANKLIN and 
L. A. Horrman. Design for a Gyrostabilizer and Compass, W. S. FRANKLIN. 
Effect of Solar Radiation upon Balloons, J. D. Epwarps and M. B. Lona. 
Permeability of Rubber to Gases, J. D. Epwarps and S. F. PICKERING. Use 
of Ultra-violet Light in Testing Balloon Fabrics, J. D. Epwarps and I. L. 
Moore. Application of the Interferometer to Gas Analysis, J. D. EDWARDs. 
New Forms of Instruments for Showing the Presence and Indicating the 
Amount of Combustible Gas in the Air, E. R. WEAVER and E. E. WEIBEL. 
Automatic Gas Analysis Methods Depending Upon Heat Conductivity, E. R. 
WEAVER and P. E. Parmer. A Resistance Bridge for the Direct Measure- 
ment of Differential Conductivities, E. R. WEAVER. A Bibliography of the 
Scientific Literature Relating to Helium, E. R. WEAVER. The Wind Tunnels 
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of the Bureau of Standards, L. J. Briccs, R. H. HEaLp, F. P. Upton. A 
Variable Camber Airplane Wing Automatic in Operation, H. F. PARKER. 
Effects of Striz on Optical Instruments, T. T. Smitu, A. H. BENNETT, G. E. 
Merritt. A Resolution Screen for Testing Camera Lenses, F. E. BRACKETT. 
Making Small Plane-parallel Plates, F. C. WEAVER. Photographic Testing 
of Optical Surfaces, R. W. Porter. Annealing of Optical Glass, A. Q. TooL, 
J. VALASEK. High Temperature Measurements in Coke Ovens, C. O. Fatr- 
CHILD. An Investigation of the Physical Properties of Cotton Airplane 
Fabrics, R. W. Duncan. On the Nature of the Inherent Variability of Meas- 
uring Instruments, F. J. SCHLINK. The Location of Flaws in Rifle Barrel 
Steel by Magnetic Analysis, R. L. SANForD and W. B. KOUWENHOVEN. 
Utility of Limit Gages for Interchangeable Manufacture, H. L. VANKEUREN. 
Measurement of Thread Gages, H. L. VANKEUREN. Measurements of Con- 
stants of Three-electrode Vacuum Tubes, J. M. Mitter. The Making and 
Reflectivity of Aluminum Magnesium Alloys for Mirrors, R. G. WALTEN- 
BERG and W. W. CoBLENTz. Pyrometric Practice, I—High Temperature 
Scale, I].—Thermoelectric Pyrometry, P. D. Foote, T. R. Harrison and 
C. O. Farrcuitp. A New Formula for the Spectral Radiation of Energy from 
a Complete Radiator, II., IRwin G. PRIEsT. 

The Signal Corps. Radio Development During the War, NuGEnt H. 
SLAUGHTER. War-time Development of Vacuum Tubes, RALPH Bown. 
Radio Apparatus for Artillery Fire Control, G. Francis Gray and Jno. W. 
REED. Radio Direction-finding Apparatus, A. S. BLATTERMAN. Miilitary 
Radio Communication, A. D. CAMERON. Vacuum Tube Amplifiers, Max 
C. BATsEL. Continuous-wave Land Radio Sets, PauL T. WEEKs and DoNALD 
G. LittLE. The Research and Inspection Section, Signal Corps, A. E. F., 
H. E. SHREEVE. Theory and Practical Attainments in the Design and Use of 
Radio Direction-Finding Apparatus Using Closed Coil Antennas, A. S. BLat- 
TERMAN. Transatlantic Radio Reception, C. A. CULVER. Charging Sets 
for Army Storage Batteries, A. E. Flowers. Airfans, G. Francis Gray, 
J. W. REED and P. N. ELpERKIN. Power Equipment for Army Radio Sets, 
G. Francis Gray and A. E. Flowers. Notes on the Organization of Emer- 
gency Industrial Research, G. FRANCIS GRAY. 

Bureau of Standards and Corps of Engineers. The Spectral Composition 
and Color of Certain High Intensity Searchlight Arcs, I. G. Priest, K. S. 
Gisson, W. F. MecceErs, E. P. T. TYNDALL, and H. J. McNIcHOoLas. 

Westinghouse Electric and Manufacturing Co. Arc Welding Electrode 
Alloys, P. H. Brace. Portable Extensometer, P. H. Brace. High Voltage 
Primary Batteries of Minimum Weight, H. M. RypEer. Gases in Copper, 
N. B. PILLING. Some Properties of Liquid Dielectrics, J. E. SHRADER. 
Watt Loss at High Frequencies in Insulators, PHILLIPS THomMAs. Magnetic 
Properties of Iron Nickel Alloys, T. D. YENsEN. Determination of Lead in 
Copper, C. W. Hitt. High Temperature Solders, C. W. Hitt. Sheradizing 
Process and on the Testing of Sheradized Materials, L. McCuLtoucu. Chro- 
mium Coating on Iron, T. P. THomas. Organic Insulating Materials, H. C. 























VoL. — 


gly THE AMERICAN PHYSICAL SOCIETY. 159 





P. WEBER. Thermal Hysteresis Effects in Electrical Porcelains and Molded 
Materials, O. H. Gisn. 

Western Electric Co. Reproduction of Speech, I. B. CRANDALL. An 
Analysis of Certain Speech Sounds, A. L. Fitcu. The Audion as a Circuit 
Element, H. W. Nicuots. The Detecting Efficiency of the Thermionic 
Detector, H. J. VAN DER BiL. Note on High Frequency Measurements, 
C. R. ENGLUND. 

Miscellaneous —A Compensated Earth-inductor for Submarine Detection, 
W. F.G. Swann. The Electrical Fume Mask, W. W. Stronc. Approximate 
Solution of a General Case of Rocket Action, R. H. Gopparp. Gyroscopic 
Inclinometer, A. H. Compton. ‘An Air Distance Recorder, C. H. CoLvin. 
Some Experiments Bearing on the Nature of Gamma-rays, A. F. Kovarik. 
A Portable Phonodeik for Photographing Sound Waves, D. C. MILLER. A 
Baroscope for Measuring the Pressure in Explosion Waves, D. C. MILLER, 
Photo-telemeter, A Device for Locating the Source of a Sound Wave from a 
Set of Sound Ranging Data, H. M. Dapurtan. Some Nuclear Charges 


Calculated for L—Radiation, FERNANDO SANFORD. 
Dayton C. MILLER, 


Secretary. 


A NEW CHRONOGRAPH FOR MEASUREMENT OF PROJECTILE VELOCITIES AND 
SHORT TIME INTERVALS.! 


By Pau. E. KLOPSTEG AND ALFRED L. LOOmiIs. 


HE Aberdeen chronograph was developed for measurements of pro- 
jectile velocities at the various proving grounds established during 

the war, particularly at the Aberdeen Proving Ground. Its principal features 
are: (1) A constant speed direct current motor with automatic governor, 
holding the speed constant to within .1 per cent. of 25 revolutions per second; 
(2) a shallow cylindrical aluminum drum, mounted on the vertical shaft of the 
motor, the inside circumference of which is 500 mm. The record strip is 
spun into the drum while the latter is rotating, and is held there very smoothly 
and firmly due to the. rotation. Its linear speed is 12,500 mm. per second. 
(3) A record strip of blue paper, coated white on one side with paraffin, on 
which a spark produces a bright blue spot, making the record marks easily 
visible. (4) A simple fall apparatus for checking the constancy and measuring 
the speed of the record strip. (5) A “‘make-circuit’”’ arrangement by which 
the projectile causes a spark to record the instant at which its tip perforates a 
special contact target. The target consists of two sheets of lead foil or tin, 
separated by a layer of paraffined paper. When the metal sheets are brought 
in contact, a condenser, charged through high resistances from the 110- or 
220-volt direct-current power line, is discharged through the low resistance 
primary of an induction coil, resulting in a spark from the secondary. A 
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condenser across the line to the contact target greatly increases the intensity 
of the spark. (6) A direct reading velocity scale which enables the velocity 
to be obtained, without computation, from the record strip. (7) Portability 
of the instrument and freedom from error due to shock from the gun. This 
permits carrying the instruments into the field and using them within fifty 
feet of the gun under test. 

The combination of the above features with proper organization of the work 
permitted testing to be done three times as rapidly and with considerably more 
accurate results than was possible with the former types of instrument; it 
also made possible other kinds of measurements, such as speeds of shell frag- 
ments and of trench mortar bombs, which could not be measured with the 
regulation chronograph. 

The work on the development of instruments for projectile velocity measure- 
ment was begun at the Bureau of Standards and the Sandy Hook Proving 
Ground, and was continued at the Aberdeen Proving Ground. The laboratory 
facilities of the Leeds & Northrup Company were offered and accepted for 
part of the development work. This company also contributed certain valu- 
able features of design, and manufactured the instruments which were supplied 
the government. 

Several slow speed instruments, for a linear travel of the record strip of 
100 mm. per second, were also built, for measuring times of flight of machine 
gun bullets. 


EVOLUTION AND ABSORPTION OF GASES BY GLAss.! 
By D. ULREY. 


HE absorption of various gases by glasses and their subsequent evolution 
with vacuum-heat treatment have been studied particularly with respect 
to the production and maintenance of high vacua. 

The following conclusions are drawn: 

1. The rates of evolution of the different evolution products are, in general, 
different functions of the time at any temperature, and, for a given baking 
period, are different functions of the temperature. 

2. There is a large variation in the quantity of gases evolved per square 
centimeter from different samples of the same kind of glass. 

3. Annealing in air, at atmospheric pressure in an electric furnace always 
lessens the quantity of gases evolved on subsequent vacuum heat treatment, 
although the glass may be under normal atmospheric conditions for an interval 
of several months between the two processes. 

4. At a given temperature and pressure, glass is in equilibrium with a definite 
amount of H,O. Water vapor evolved at high temperatures is reabsorbed 
after the temperature is reduced. 

5. Glass from which practically all absorbed gases have been removed by 
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melting in vacuo subsequently reabsorbs gases from the atmosphere at room 
temperature. 

6. At temperatures up to the softening point, diffusion of gases of the atmos- 
phere through glass does not take place. 


AIRPLANE INCLINOMETERS.! 
By Davip L. WEBSTER. 


IRPLANE inclinometers may be divided into two main classes, those for 

the inclination of the longitudinal axis of the machine and those for the 

transverse axis. Of the longitudinal ones little need be said. For aérodyn- 

amic experiments they are of course valuable, but in ordinary piloting any 

reliance on such an instrument as an index of how to fly would be a positive 
source of danger. 

The transverse inclinometers may be subdivided into two classes; first, 
indicators of deviation from the correct bank during a turn, and second indi- 
cators of the absolute vertical during a turn. Closely related to the latter in 
their use are the turn indicators, designed to show when the airplane is turning, 
without regard to correctness of bank. 

In an open machine the best correct bank indicator is merely the wind on 
the pilot’s face, as the direction of this wind is very sensitive to the slightest 
errors in banking and the pilot cannot fail to notice it. For closed machines a 
spirit level of moderate radius and about a 20-degree arc is the most accurate 
substitute for this wind that has yet been devised, but no pilot should depend 
on such an instrument for his safety. 

An indicator of absolute vertical is of course most important in bombing. 
Another use for it is in cloud flying, where the erratic behavior of the compass 
on northerly courses makes a need for something to show when the airplane is 
turning. Assuming correct banking, any instrument that will indicate the 
absolute vertical is a good indicator of turns. For this the essential re- 
quirement is a pendulum of such a long period that it can not be much in- 
fluenced by centrifugal effects during the time required for a turn. But it 
must not have such a long period as to refuse to respond to the rotation of the 
earth. Theoretically such an instrument might be made by hanging any 
object of large moment of inertia on a pivot very near its center of gravity, but 
practically the effects of pivot friction eliminate this possibility. Practically 
the pendulum must involve a gyroscope. The French Toupie Garnier, a 
small wind-driven gyro on a single point pivot, is fairly satisfactory in this 
way, but it has the tendency common to all gyro pendulums, to get into cir- 
cular oscillations that persist for a long time after a turn and interfere seriously 
with the use of the instrument. Such oscillations can not be damped with a 
dash pot attached to the case of the instrument without introducing strong 
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disturbing forces when the airplane banks. The problem has, however, been 
solved in several ingenious ways. In the Duff-Hyde short period gyro pen- 
dulum it is done by dash pots on a free pendulum. In the long period Gray 
bomb sight stabilizer it is done by weights shifting under the influence of the 
centrifugal force of a turn. In the Titterington long period gyro pendulum 
it is done by a blast of air pumped by the gyro itself and directed by small 
vanes hung on an ordinary pendulum. This problem can therefore be con- 
sidered as in a fairly satisfactory state, although these instruments are of 
recent development and may still be considerably improved. 

In cloud flying, however, an absolute inclinometer is not, so far as the author’s 
piloting experience indicates, an ideal turn indicator. For although the pilot 
can easily know when the machine is banked wrong, the air in clouds is liable 
to be so “‘bumpy”’ that sudden rolling and yawing can not be prevented even 
with such knowledge. This makes a need for an instrument to indicate the 
rate of turn of the airplane whether it is correctly banked or not. One good 
instrument of this sort is an English device consisting of a tube running along 
the wings and having openings at each end designed to take up the static 
pressures of the air without errors due to its motion. When the airplane turns, 
the centrifugal effect on the air in this tube tends to drive it along the tube, 
and this tendency can be utilized by means of a very sensitive pressure gauge, 
to tell the direction and speed of the turn. An attempt has been made, with 
some success, to increase the pressure available by the use of Venturi tubes on 
the ends of the wings. But even with this help the pressure is small and the 
errors large, and the instrument is not easy to install accurately. However, 
it is a workable instrument, and can be made reliable enough if carefully in- 
stalled. 

Another valuable turn indicator, suggested by A. H. Compton and improved 
by C. E. Mendenhall, is a gyroscope on a horizontal axis transverse to the air- 
plane, with the top of the rim moving forward. This gyro is free to swing on 
an axis longitudinal to the airplane, and is held by a light spring. When the 
airplane turns, the precession forced by that motion makes the axis of the 
gyroscope tip in the direction opposite to that in which the plane must bank. 
Thus, although a momentary deflection may be due to a sudden roll of the 
airplane, any sustained deflection necessarily means a turn. It might be 
supposed that the momentary deflections due to quick rolling might be con- 
fusing to the pilot, who would think they meant a quick turn. But asa matter 
of fact in cloud flying if the airplane rolls to one side, she will soon begin to 
turn toward that side, because she will sideslip first and then the action of the 
side wind on the tail, as well as an instinctive response to side wind by the pilot, 
will both tend to produce the turning motion. Hence this instrument may 
almost be said to predict turns as well as indicate them. This instrument is 
easy to install and can be made very reliable and sensitive to the slightest 
turning motion, and it enables the pilot to fly northerly courses in clouds with 
the required straightness even with a quick and erratic compass. 
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As to which type of turn indicator is the better, it is difficult to make a 
definite statement. The author has done a considerable amount of piloting 
with each type and prefers the gyroscopic one, but as another pilot who tried 
them preferred the other, it may be largely a matter of personal taste. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 
CAMBRIDGE, Mass. 


THE DETECTION OF INVISIBLE OBJECTS BY HEAT RADIATION.! 


By SAMUEL O. HOFFMAN, 


Master Signal Electrician, Science and Research Division, U. S. A. 


RENCH warfare on the western front was peculiarly a thing of night 

activities. At night, No Man’s Land was alive with working parties 

and patrols, but any movement in daylight was promptly followed by hostile 
fire. 

If there had been a means of giving at night something of the visibility of 
daylight, which rendered extensive movements unsafe, it is apparent that 
methods of trench warfare would have been entirely changed. 

Early in 1918 work was started on the problem of detecting men and other 
objects at a higher temperature than their background, in the dark, by their 
thermal radiation. 

It is to be noted that for detecting invisible objects by thermal radiation, 
only a receiving instrument is required; that is, it is not necessary to project 
a beam of radiation on to the body, the body furnishes its own radiation and 
without special precautions it cannot prevent its radiation escaping and its 
presence becoming known. Furthermore an object sighted on has no means 
of ascertaining that it is under observation as there is nothing proceeding from 
the receiving instrument that could be used for locating it. 

Experimental Results —The apparatus consisted of a Hilger thermopile 
mounted in the focus of a 14-inch (36 cm.) parabolic mirror (silvered on the 
surface), together with a d’Arsonval galvanometer. 

Men were detected with ease at 600 feet (180 m.). A man lying in a de- 

pression in the ground at a distance of 400 feet (120 m.) was detected unfail- 
ingly as soon as he showed the upper part of his face above ground. These 
results were repeated on different nights and with different backgrounds during 
April, 1918. The mirror was a Navy Searchlight parabola, focus 7 1/2 inch 
(19 cm.), the Hilger pile had a sensitive surface 0.1 X I cm., resistance 3 ohms. 
The galvanometer sensitivity was 5 mm. per microvolt at I m. scale distance; 
period 6 seconds, critical damping resistance 60 ohms. Naturally it was 
rather sluggish in action. 

Previously tests had been made with a 4-inch (10-cm.) concave mirror, 
relative aperture {/2, same thermopile and galvanometer. Extremely large 
deflections (8 cm.) were obtained for a chimney at 300 feet (90 m.). Men were 





1 Abstract of a paper presented at the Washington meeting of the American Physical 
Society, April 25 and 26, 1919. 




















164 THE AMERICAN PHYSICAL SOCIETY. nomen 


detected at 50 feet (15 m.), and it was readily possible to distinguish between 
the painted and unpainted sides of a piece of sheet iron on fairly cloudless 
nights, but not at all possible on a heavily overcast night. 

Secret signaling was accomplished by simply covering and uncovering the 
face. At moderate distances a man could not cross the range of the instrument 
without giving a marked indication. This was the same whether he crawled 
slowly or ran rapidly past. This suggested an arrangement for preventing 
raiders from creeping into our lines undetected; simply ranging the instrument 
parallel to our front line and about 30 yards in advance thereof. 

In general, on directing the instrument in any direction a large permanent 
deflection is obtained, due to the background. This is compensated for by a 
slide wire potentiometer, keeping the spot of light at the center of the scale. 

The Apparatus —Work was at once started on standardizing and construct- 
ing the equipment. Full use was made of the excellent papers by Coblentz 
on bismuth-silver thermopiles (Bull. Bur. Standards, 9, p. 15, 1911). No 
bismuth wire being obtainable, it was made by squirting without any great 
difficulty. <A little trouble was experienced in getting high conductivity bis- 
muth. The final product was about equal to the imported in thermo-E.M.F., 
(69 to 79 microvolts per degree C.) and superior in conductivity, the resistance 
of 0.07 mm. wire being 273 ohms per meter. The piles were constructed under 
a binocular microscope using special tools and jigs and the work was so stand- 
ardized that 10 couple piles could be made in about three hours. These 
were so uniform that after a time sensitivity tests were discontinued. The 
following design was arrived at as the result of constructing some 40 different 
types. 

Bismuth wire, 0.07 mm. diam. X 3 mm. long, 
Silver wire, 0.025 mm. diam. X 5 mm. long, 


Receiving surfaces, 0.018 mm. silver foil, 1/2 mm. X 1 mm., blackened with 
lampblack paint and smoked over camphor. About 1.5 mm. of 0.05 mm. 
silver wire was inserted between the end of the bismuth wire and the copper 
terminal. This, together with leaving a little slack, reduced the breakage dur- 
ing construction to practically nil. No piles of the final design have been broken 
in use. 

These piles reached their maximum deflection in a little less than a second 
and as the weight of the lampblack paint is one-fourth that of the silver foil, 
it is believed that this is near the limit of rapidity of action for this type of 
construction. ‘The resistance of a 10-couple pile is about 6 1/2 ohms. The 
cold junctions are directly attached to copper plugs, the circuit throughout 
being strictly copper to avoid stray thermo-E.M.F.’s. The heavy enclosing 
case is air-tight, the radiation entering through a varnished rocksalt window. 
No trouble from drift was experienced when everything was air-tight. 

The galvanometers used were specially constructed Leeds & Northrup, high 
sensitivity d’Arsonval instruments of two types: 

1. Sensitivity 15 mm. per microvolt, period 5 seconds, critically damped 
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on 5 ohms. Coil consists of 7 turns of 0.003 inch Belden enameled copper 
wire. Suspensions, strip rolled from silver wire 0.0175 mm. 

2. Sensitivity 5 mm. per microvolt, period 1 1/2 seconds, critically damped 
on 4 ohms, coil 6 turns same wire as above, suspensions, strip from 0.0375 mm. 
silver wire. 

Both had 1/4-inch (6 mm.) plane mirrors, coil was I cm. X 2.5 cm., length 
of upper suspension 10cm. Multiple reflection was used to give a meter optical 
lever with the scale 30 cm. distant. 

The mirrors used were of two sizes, 24-inch (60-cm.) and 12-inch (30-cm.) 
cut down from standard navy searchlight mirrors of respectively 36-inch 
(g0-cm.) and 18-inch (45-cm.), silvered on the surface. The silver tarnished 
readily, but this did not seem to affect the sensitivity and was of advantage 
in that it lowered the visibility of the mirror considerably. 

This apparatus was shipped overseas in August, 1918. 

Ranging on Aircraft by Thermal Radiation.—Tests on a model having shown 
that there would probably be no trouble in picking up aircraft on clear nights, 
a special instrument was constructed, provided with a 24-inch (60-cm.) mirror 
and having slow screw movements in azimuth and elevation. Listening horns 
were provided for rough location by sound, but were not used. ‘‘Cross-hair”’ 
thermopiles were made, the separate elements of which (vertical and horizontal) 
are separate piles, electrically insulated from each other and connected to 
separate galvanometers. Each line of receivers consists of 32 couples with 
receivers I mm. square. The center point is shared in common by both piles. 

Night flying tests were made in January, 1919, at Langley Field, Virginia. 
The flying was done at an altitude of 3,500 feet (1,100 m.) on a course about a 
mile long and about 500 yards from the receiving instrument. Time was 
six P.M. and quite dark. The weather was very damp and hazy. The slant 
distance of the plane varied from 4,000 feet to well over a mile. The plane used 
was a Curtiss JN 4 H, wing spread about 44 feet (14 m.); the motor, rated at 
150 H.P. was throttled down to 1,200 R.P.M. giving an air speed of 55 miles 
an hour, at which speed the motor developed somewhat less than 50 H.P. 
This was done to allow for the relative nearness of the plane; a heavy bombing 
plane would develop over ten times this power with a consequent in¢rease in 
the radiated energy. 

No trouble was experienced in picking up the plane or in keeping the dark 
image on the pile. The deflections were very large, averaging about 10 cm. 
with a maximum of 25 cm. They were not proportional to the distance, 
apparently depending on the aspect of the plane and not falling off greatly 
at the maximum distance. The movement of the spot started sharply, but died 
‘down gradually, due to the effect of the hot exhaust gases. So long as clouds 
did not drift across the field, the galvanometer was admirably steady, but the 
slightest whiff of cloud gave a warm indication, as large as a plane would give. 
This rendered sweeping the sky for possible planes somewhat uncertain. 
The impulse given by the clouds however, was of a different nature from that 
given by a plane. The characteristic abrupt jump at the start was absent. 
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The ease of picking up the planes showed that the elaborate thermopile was 
unnecessary; a much smaller one would have done as well. 

In conclusion I wish to express my sincere thanks to Dean George B. Pegram, 
of Columbia, in whose laboratory this work was done, and who has given much 
helpful advice, to Major Joseph Sears, Post Commander at Columbia, to 
Lt. Col. R. A. Millikan, to Lieut. Victor Fleming for assistance in the early 
field trials, and particularly to the following soldiers for their loyal and efficient 
work as mechanics and laboratory assistants; Sergeant 1st Class, George 
Richards, Air Service, and Sergeants Harold MacCracken and George Gotti, 
Signal Corps. 


PH@NIX RESEARCH LABORATORY, 
COLUMBIA UNIVERSITY, NEW YORK. 


LOCATION OF AIRCRAFT BY SOUND.! 
By G. W. STEWART. 


HE solution of the problem of the location of aircraft by sound involves 

at least three accomplishments. These are: first, the production of a 

sound locator which will operate satisfactorily under practical conditions; 

second, the application of a sufficiently rapid method of correcting for the vel- 

ocity of the airplane and for the influence of meteorological conditions; third, 

the development of recording methods whereby the information is available 

not only of the past position of the aircraft, but also its present and future 

computed positions. This abstract will refer only to the locator itself and even 
more narrowly, to the scientific aspects thereof. 

The chief requirements for the locator are sufficient accuracy and range, 
satisfactory freedom from the interference of noises other than the one whose 
source is to be located, and a faithfulness of reproduction of the quality of 
sound. These requirements have been met in this country as herein described. 

Accuracy has been secured by the application of the fact, known for a number 
of years, that a difference of phase, intensity constant, produced at the two 
ears produces an apparent displacement of the source of sound from the 
median plane. 

Range has been secured by a combination of resonance and concentration 
with equipment that gives appreciable resonance for any frequency within the 
range desired. This device is a long conical horn. 

Freedom from “‘side’’ noises has been secured by receivers having large 
openings, thus introducing interfering phase differences for wavefronts not 
parallel to the opening. 

Faithfulness of reproduction to a satisfactory degree has been obtained by 
using as receivers conical horns of the order of 15 feet in length which give such 
a satisfactory sound spectrum distribution of sensitivity. 
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The results achieved in the field may be briefly summarized as follows: 

1. With receivers 12 feet apart, the accuracy of locating the wave front is 
correct to within a few tenths of a degree; there is no practical limit to the 
frequency with which such an apparatus will operate, tones as high as 15,000 
d.v. having been tried; the sharpness of the location is improved by the com- 
plexity of the sound. An additional fact of importance which must be con- 
sidered under accuracy is that the reaction time causes a lag of from 0.5 to 
0.8 seconds, with good observers. 

2. With the horns 18 feet in length and diameter of opening 4.5 feet the 
range under fair night conditions for airplane elevation of 6,000 feet was ap- 
proximately three times that of the unaided ear. Experiments indicated, 
however, that the amplification of the apparatus was 100, thus showing great 
diffusion in the atmosphere. 

3. Similar airplanes could be separately located by such a device if more than 
5° apart, and if engine noises were sufficiently marked a separate location 
could be secured with only 1° actual separation. 

4. The device gives a greater faithfulness of reproduction than is necessary 
for present methods of defense against bombing aircraft, but this characteristic 
can no doubt be utilized to a greater degree, involving an improvement in 
defense. 


PHYSICAL LABORATORY, 
STATE UNIVERSITY OF IOWA. 


PROGRESS IN DESIGN OF ARTILLERY PROJECTILES.! 
By O. VEBLEN. 


HE paper is a report on experimental work carried out at the Aberdeen 
Proving Ground, which led to improvements in artillery projectiles. 
Among the questions investigated were the effects of false ogives, of boat- 
tailed or stream lined bases, and of devices for modifying the yaw. Consid- 
erable increases in range were obtained by these methods, but the most im- 
portant gain was obtained by a modification of the rotating band by the 
removal of some excess copper. This resulted, in the case of the 6-inch gun, 
in an increase in range of about 2 1/2 miles, and in a diminution of dispersion 
by a factor of 8. Similar results were obtained in several other guns. It is 
intended to publish an account of these studies on rotating bands in an article 
by Major Veblen and Lieutenant Alger in The Journal of the United States 
Artillery. 

These investigations were of an empirical nature, and were carried out, for 
the most part, without the guidance of a mathematical theory. The absence 
of a mathematical theory is particularly to be underlined in the case of the 
rotating band experiments, because semi-official popular accounts of this work 
have been published in which it is stated that the results were obtained by pure 
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mathematics. The work at the proving ground was done in close collaboration 
by several men, among whom may be mentioned Lieutenants P. L. Alger, 
F. E. Fish and H. Galajikian, and Captain J. W. Alexander. Although the 
coéperation among all concerned was so close as to make it impossible to trace 
ideas to their sources, the largest share of the credit must be assigned to Lieu- 
tenant Alger, particularly in the rotating band investigations. The results 
on the 6-inch gun were obtained independently in France by Captain R. H. 
Kent, after studying the Aberdeen results for the 8-inch howitzer. 


NOTE ON THE DISTRIBUTION OF ENERGY BY THE VISIBLE SPECTRUM OF A 
CYLINDRICAL ACETYLENE FLAME.! 


By W. W. COBLENTz. 


awe the above title Hyde, Forsythe and Cady? have discussed data on 

the spectral energy distribution of an acetylene flame published by the 
writer,’ which data they say will not agree with that of a black body at any tem- 
perature to better than 7 to 8 percent. The statement is misleading, for no 
attempt is made to discuss the data in terms of the accuracy attainable in 
making the radiometric observations, in different parts of the spectrum. As 
shown in a previous paper,‘ in the yellow to red part of the spectrum (0.6u 
to 0.7 uw), where the intensities are high, an accuracy of I.0 to 0.5 per cent. is 
attainable. On the other hand, in the blue and violet (0.4 4), where the de- 
flections are small an accuracy of only 5 per cent. to 10 per cent. is attain- 
able. 

Computations made in this laboratory some years ago, indicated that in 
the spectral region of 0.45 u to 0.7 uw the energy distribution of the acetylene 
flame used was close to that of a black body at about 2100° C. (2375° K). 
Using the constant C, = 14,350, and the temperature 2360° K. recommended 
by Hyde, the computed spectral energy curve fits the observations close to I 
per cent., throughout the spectrum from 0.50 yu to 0.74 wu, which is remarkable 
considering the difficulties of observation. The observations at 0.45 to 
0.4 mare high by 5to1opercent. This may be owing, in part, to instrumental 
errors, and it may be owing to a high emissivity, as indicated in a previous 
paper® and as shown in the spectrophotometric measurements on a cylindrical 
flame, by Nichols and Merritt.® 

The independent check by Hyde and his collaborators confirms the direct 
radiometric observations on the spectral energy distribution of the acetylene 
flame, in region of 0.50 to 0.75 wu; and shows that the difference in our visi- 
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bility curves, in this part of the spectrum, cannot be explained on the basis 
of an erroneous energy evaluation. 


BUREAU OF STANDARDS, 
WASHINGTON, D. C., 
March 17, IgI9. 


PYROMETRIC PRACTICE. I., THE TEMPERATURE SCALE; II., THERMO- 
ELECTRIC PROMETRY.! 


By Pavut D. Foote, T. R. HARRISON AND C. O. FAIRCHILD. 


HE following lists the topics which are treated at length from a practical 
standpoint. The paper will appear as a series of articles in one of the 
trade journals. Temperature Scale.—Thermocouple; Metals used for ther- 
mocouples; Constancy of calibration; Reproducibility of couples; Mounted 
thermocouples. Indicating instruments; Galvanometer method; Resistance 
of indicating instruments; Use of portable test set; Galvanometer with variable 
series resistance. Potentiometer method.—Semi-potentiometric method; Nor- 
thrup pyrovolter; Brown Heatmeter: Temperatures of the cold junctions 
of thermocouples; Compensating leads; Potentionetric compensation; Com- 
pensation by shunt; Wheatstone bridge compensation. Methods employed 
in correcting for variations in the temperature-E.M.F. relation of different 
couples of the same type; Adjustment by series resistance; Adjustment by 
shunt resistance; Adjustment by shunt and series resistance. Thermocouple 
installations; Common return; Wiring diagrams of multiple installations: 
Commutating switches; Distributing box; Temperature of buried cold junc- 
tion; Depth of immersion of couples; Couples purposely insufficiently immersed. 
Protecting tubes for thermocouples. Tables. 


A STUDY OF THE VELOCITY OF FLAME PROPAGATION IN THE CYLINDERS OF 
AIRCRAFT ENGINEsS.! 


By D. MACKENZIE AND R. K. HONAMAN. 


METHOD has been devised for determining the average velocity with 
which the igniting flame is propagated over various paths in a one- 
cylinder Liberty engine. The cylinder is fitted with three spark plugs, only 
one of which is used to supply ignition. The other two are connected to con- 
densers charged to a potential just below the breakdown potential of gaps in 
the compressed mixture. When the spreading flame reaches these gaps, 
ionization ensues and the condensers are discharged. The discharged currents, 
as well as the current which produces ignition in the first spark plug, cause 
deflections of an oscillograph vibrator. The time interval between each of 
these events is thereby determined and from it the average velocity of the 
flame over a known path. Velocities of 5 to 25 meters per second have been 
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observed. Further work must be done in order to ascertain the effect of dif- 
ferent variables of engine operation upon the velocity of flame propagation. 


WASHINGTON, D. C., 
June 16, 1919. 


INDUCTANCE, CAPACITY AND RESISTANCE OF COILS AT RADIO FREQUENCIES.! 
By L. E. WHITTEMORE AND G. BREIT. 


HE inductance coil used in a radio circuit may usually be considered as a 
pure inductance shunted by a capacity representing the distributed 
capacity of the coil. The pure inductance can most conveniently be deter- 
mined from the values of the apparent inductance as obtained from the ca- 
pacity which is required to give resonance at certain frequencies. The apparent 
inductance is very large at wave-lengths which are near the natural wave-length 
of the coil, decreasing as the wave-length is increased until a very long wave- 
length is reached at which the inductance increases again slightly due to the 
absence of skin effect. The pure inductance and distributed capacity of the 
coil may be obtained from the data used for plotting the apparent inductance 
curve by the use of the following formulas: 


— (2C,)(ZMi‘) — (ZA) (2 CA?) 
— NZAi‘ + (2A,)? 
on 0.2814[ NZAi* — (2d,?)?] | 
— (ZC) (2A) + NICAL 
C, and C, being expressed in micromicrofarads, A» in microhenries, and A in 
meters. WN is the total number of observations from which Cy) and JLo are 
calculated. C, and d; are corresponding values of the capacity in series with 
the coil and the resonant wave-length. The assumptions made in the deriv- 
ation of this least square formula are that the error in the capacity measure- 
ment is constant and that the percentage of accuracy in the wave-length 
measurements is constant. 

For measuring the capacity of a coil it is convenient to use a generating 
circuit in which the current contains harmonics of the fundamental frequency. 
The coil whose capacity is to be measured is connected to the terminals of a 
condenser and the circuit is tuned to the fundamental frequency, the capacity 
of the condenser being C;. Let the circuit then be tuned to the second har- 
monic by the use of the capacity C. The capacity of the coil Co must be 
such that Co + C, = 4 (Go + C.). While it would seem that the accuracy 
obtainable in this measurement would be greater if higher harmonics were used, 
it has been found that usually on account of the reaction of the measuring 
circuit upon the generating circuit it is better to use the second harmonic as 
described above. 

If a curve is plotted giving the capacity which it is necessary to use with the 
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coil to obtain resonance at various wave-lengths against the square of the 
wave-length, this curve is a straight line which cuts the axis of capacity on the 
negative side of the origin. The point at which this curve cuts the axis 
gives the value of the capacity of the coil. 
If the coil whose capacity is to be obtained is immersed in a liquid of dielec- 
tric constant K, the capacity of the coil C is 
Ci — Cr 
Co = ate er 6 
K—-1I 


Where C, and C: are the capacities required to tune the coil to resonance with 
a certain frequency before and after the coil is immersed in the liquid. Care 
must be taken in this measurement to avoid the presence of solid dielectrics 
in the field of the coil. It is also necessary to know accurately the value of 
the dielectric constant K. 

The following may be given as examples of measurements which have been 
made on coils suitable for use in radio circuits: 

A solenoidal coil having 569 turns, 11.1 cm. radius, length 70 cm., had a 
measured pure inductance of 1.949 X 10‘ microhenries and a distributed 
capacity of 25 micromicrofarads. The direct current inductance computed 
from a current sheet formula is 1.972 X 10 microhenries. The fact that the 
pure low frequency inductance is smaller than the computed inductance is 
possibly accounted for by the skin effect or by eddy currents. 

A coil suitable for use as a direction finder and consisting of ten turns, 
spaced I cm. apart, wound in a single layer on a frame 124 cm. square had a 
capacity of 50 micromicrofarads. 

A coil 12.2 cm. long and 31 cm. in diameter having 76 turns in a single layer 
was found to have a capacity of 14.7 micromicrofarads. 

By immersing in oil and water, the capacity between the turns of a certain 
small coil was found to be 0.6 micromicrofarad. 

The capacity of a coil to ground is important in many cases. If the two 
condensers, C; and (C2, are connected in series with a coil and the point of 
connection between the condensers is grounded, then, at resonance, the ca- 
pacities of these condensers are related by the expression: 


aC; + BC: +AC,C; + 6 = 0, 


where a, 8, \ and 6 are constants of the coil and its position. 
For a symmetrical coil the capacity to ground is given by the expression: 


C,=4 | ee. (max.) — . min | 
. Ci + C2 7 Ci + Ce . . 
The maximum is obtained when C;j=C:2. The minimum value of C, C./C:+C, 
is obtained when either C; or C; is short-circuited. 
It is interesting to note that a coil oscillate freely at several different wave- 
lengths. For a number of double layer coils which were tested, it was found 
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that these wave-lengths had the relation 


7 = 
= ed’ 


where K is a constant for the coil in question, and for a given coil had a value 
of 4.47. 

The resistance of the coil is most conveniently measured by the resistance- 
variation method described in Bureau of Standards Circular 74. The resis- 
tance depends very much upon the capacity of the coil. The greatest accuracy 
is obtainable in the use of the resistance-variation method when the inserted 
resistance is 0.6 of the resistance of the circuit. That is, when by its insertion 
the galvanometer deflection is reduced to about 0.4 of the maximum deflection. 
The following empirical expression was found to represent the curve between 
the resistance of the coil and the wave-length 


where R is the resistance at wave-length \ and where A, Band X, are constants 
of the coil. 
WASHINGTON, D. C. 


THE SIZE OF SMOKE PARTICLEs.! 
By P. V. WELLS AND R. H. GERKE. 


T is one of the familiar properties of ultramicroscopic particles that some 
portion of any given type are electrically charged. Moreover, it is now 
accepted that the charges carried by any such particles are always multiples 
of the elementary unit, the electron. When the particles are not ionized by 
some powerful agent, the charged particles form but a fraction of the whole 
number and most of the charged particles possess but a single electron. Com- 
pared with the number carrying one electron, in statistical work the number 
doubly charged is negligible. The observed motion of the particles in a 
given electrostatic field is thus a measure of their size. 

A method is presented for measuring the size of ultramicroscopic particles by 
their oscillation amplitudes in an electric field which is reversed by a rotating 
commutator. This eliminates the uncertainties in previous methods due to 
the effects of Brownian motion and to passing out of focus. Moreover, it 
renders possible the precise determination of the Stokes’ law size of a single 
particle. 

The general properties of gaseous dispersoids and the application of this 
method to their statistical study are briefly discussed. 
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An ExXpEpITIOuS GRAPHICAL METHOD APPLICABLE TO RADIUM 
MEASUREMENTS.! 


By N. E. Dorsey. 


@ the determination of the radium content of sealed specimens that have 
not reached equilibrium it is very desirable to ascertain promptly the 
concordance of each observation with those that have preceded it. For several 
years the following graphical method has been used at the Bureau of Standards 
with great satisfaction. 
The excess of intensity of the gamma radiation from the specimen at the 
time f: above that at the time 4; is given by the equation 


R, — R, = 1.008967" Raft — eA@-)} | 


where R: and R; are the intensities of the radiation at the times f and 4; re- 
spectively, Rm is its equilibrium value and J is the decay constant of radium 
emanation. It is assumed that at the time 4, the specimen had been sealed 
for at least 5.5 hours. 1.0089 e€~*“.R» is the amount by which the gamma radi- 
ation at the time ¢, falls short of the equilibrium value. The equation states 
that the growth in the radiation during the interval ¢ counted from an arbitrary 
origin is proportional to (1 — e~™’); the factor of proportionality being the 
amount the radiation still had to grow at the arbitrary origin of time. 

Hence if the observed values of R be plotted on any convenient scale against 
the corresponding values of (1 — «~*’), ¢ being measured from an arbitrary 
origin the values of R will lie on a straight line and the equilibrium value will 
be the intersection of this line with the coérdinate corresponding to ¢ equal to 
infinity. For convenience in plotting, a time scale consisting of values of 
(1 — e~*) corresponding to suitably selected values of ¢ may be laid off once for 
all along the edge of a card and marked with the corresponding times. 

While this graphical method enables the equilibrium value to be determined 
in most cases with satisfactory precision it is the custom of the bureau finally 
to compute this value by a least square reduction of the observations. 


BUREAU OF STANDARDS, 
WASHINGTON, D. C., 
April 18, 1919. 


PHOTOGRAPHIC METHOD OF DETECTING CHANGES IN A COMPLICATED GROUP 
OF OBJECTS WITH ESPECIAL REFERENCE TO CAMOUFLAGE DETECTION.! 


By M. H. STILLMAN. 


HE method consists of making two negatives of approximately equal 

density of the group of objects, one before the change, the other after the 

change; printing a positive from tone of the negatives and then superimposing 
this positive upon the other negative. 
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When these photographs are properly made, those parts of the picture which 
have not changed in the interval between exposures will show up as a field of 
practically uniform density while the changes are clearly shown up by a con- 
siderable departure from this uniform density. When it is impracticable to 
make the scale of the original negatives the same, as in aircraft work, results 
can still be obtained by enlarging or reducing, by matching the negative with 
the projection of the positive, or vice versa. 

This method has long been in use in astronomy for the detection of variable 
stars. It was independently devised by a member of the Bureau of Standards 
staff and developed for camouflage detection, engineering, and other purposes 
in codperation with Captain H. E. Ives of the United States Air Service. 


PORTABLE VOLUME STANDARD FOR GaASEs.! 
By M. H. STILLMAN. 


HIS instrument, which is described in Technologic Paper No. 114 of the 

Bureau of Standards, was developed by this bureau particularly for 

use in testing gas-meter provers. It is, however, adapted to much wider uses. 

Among the incidental uses to which it has been put are the accurate measure- 

ment of volumes of gas in connection with the poison gas investigations of 
the army, and the direct calibration of laboratory gas meters. 

The instrument consists essentially of three telescoping vertical cylinders, 
one of which is arranged to move relative to the other two, this motion being 
accurately limited by stops. 

This instrument is now being manufactured by one or more firms. 


NOTE ON THE COEFFICIENT OF TOTAL RADIATION OF A UNIFORMLY HEATED 
ENCLOsuURE.! 


By W. W. COBLENTz2. 


NDER the above title the writer published? a value of the so-called 
Stefan-Boltzmann constant of radiation from a uniformly heated 
enclosure or so-called black body. The value is o = 5.72 X 107” + 0.012 
watt cm.~? deg~4. It is based upon about 600 measurements, made with 10 
receivers, which are summarized in Table 6 of a previous publication. The 
data obtained with receivers no. 8 and 9 were not included because the appar- 
atus was defective. The data obtained with these 10 receivers were corrected 
for radiation lost by reflection, which loss amounts to 1.2 per cent. for receivers 
covered with lampblack (soot) and 1.7 per cent. for receivers covered with 
platinum-black. It does not include a set of measurements made on an un- 
blackened radiator. The reflection from a receiver covered with platinum- 
1 Abstract of a paper presented at the Washington meeting of the American Physical 
Society, April 25 and 26, 1919. 
2 Proc. Nat. Acad. Sci., 3, p. 504, I917. 
3 Coblentz and Emerson, Bull. Bur. Stds., 12, p. 549, 1916. 
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black, then smoked, is 1.2 per cent. These corrections were determined by 
direct measurements upon some of the receivers and by comparison of the 
surfaces of the other receivers with samples of lamp-black whose reflection 
losses had been determined in a previous investigation.! 

Experiments were made on atmospheric absorption and it was shown that if 
any correction for atmospheric absorption is to be made to these data, it can 
hardly be greater than 0.1 per cent. 

Recently a new determination? of this radiation constant was brought to my 
attention, and in view of the fact that this paper contains inaccurate statements 
concerning my own work a few comments are permissible. For example, the 
statement is made that the only novelty in the apparatus employed by Co- 
blentz and Emerson (Joc. cit.) was a thermopile with a continuous receiving 
surface; which is of secondary importance. As a matter of fact, the crucial 
part of the apparatus was a receiver with potential terminals attached thereto, 
at a sufficient distance from the ends to avoid the question of heat conduction 
to the electrodes. These potential wires, which were from 0.003 mm. to 0.02 
mm. in diameter, accurately defined the length of the central part of the re- 
ceiver which was utilized in the measurements. By exposing the whole length 
of the receiver to radiation, conduction losses, did not enter the problem. The 
writer is not aware of anyone having used a similar apparatus which compares 
with this receiver in nicety of construction, and reproducibility of results 
under given conditions. 

The receiver used by Kahanowicz was placed at the center of a spherical 
mirror, with an opening in one side to admit radiation. In this manner the 
correction for reflection was eliminated. The shutter was close to the receiver. 
If its temperature was different from that of the water-cooled diaphragm, which 
was before the radiator, errors in the radiation measurements would occur. 
As mentioned in previous papers, the shutter should be placed between the 
water cooled diaphragm and the radiator, to avoid a change in surroundings 
facing the receiver when the shutter is raised for making the radiation measure- 
ments. The temperature range was from 260° C. to 530° C. The distance 
from the radiator to the receiver was 35 to55cm. A series of 28 measurements 
gave an average value of o = 5.61 X 107” watt cm.~* deg.~*. Of this number 
II gave a value of ¢ = 5.7. Out of a series of 4 measurements made in Decem- 
ber, 1916, with the distance d = 56 cm., three gave a value of o = 5.7. 

No corrections were made for atmospheric absorption, which for the tem- 
peratures used is not negligible. 

In a previous paper® it was shown that on removing the moisture (vapor 
pressure of 10 to 12 mm.) from a column of air 52 cm. in length, the radiation 
constant was increased from o = 5.41 to 5.55 or about 2.6 per cent. For the 
the spectral region transmitted by rock salt, to X = 15, the absorption is 
about 1 per cent.‘ Other measurements mentioned in these papers indicate 

1 Bull. Bur. Stds., 9, p. 283, 1913. 

2? Kahanowicz, Nuovo Cimento, (6) 13, p. 142, 1917, Naples. 

3 Bull. Bur. Stds. 12, p. 576, 1916. See Table 3: Series CLXXX. to CLXXXII. 

4 Proc. Nat. Acad., loc. cit. 
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an absorption of 2 to 3 per cent. of the radiations emitted at 1000° C. for the 
average humidity of Washington. 

Dr. H. H. Kimball, of the U. S. Weather Bureau, very kindly sent me com- 
parative data, showing that the vapor pressures at Naples are considerably 
higher than at Washington. From these data it would appear that the cor- 
rection for atmospheric absorption must be at least 1 per cent. For the 
low temperatures at which the radiator was operated, a fair estimate of the 
correction to the radiation data obtained by Kahanowicz is 1.5 to 2 per cent., 
or a value of ¢ = 5.69 to 5.72 X 107” watt cm.~ deg.~*.. In other words the 
Naples value of the coefficient of total radiation is comparable with other recent 
determinations which indicate a value of o = 5.7 X 107" watt cm.~ deg.~. 

BUREAU OF STANDARDS, 


WASHINGTON, D. C., 
March 8, 1919. 


THE ELECTRICAL FUME MaAskK.! 
By W. W. STRONG. 


T has been well known that fine fumes are harder to absorb than gases 

under many practical conditions. An example of this difficulty is that 

of the absorption of suphuric acid mist by an alkaline solution such as that 

of hydroxide of ammonia. The usual process of absorption is to pass fine 

bubbles of the mist through the ammonia. Fine mist particles in these bubbles 

do not come into contact with the ammonia and thus pass though the solution 
unaffected. 

A problem of this nature arose in connection with the poisonous matters 
used in the war. The charcoal gas mask was adapted for the absorption of 
gases and for the absorption of fumes it was necessary to add an extra filter 
that increased the difficulty of breathing. 

It was suggested by the chemical warfare service that possibly the process 
of electrical precipitation might be adapted in some way to the problem at hand 
and a number of suggestions such as the development of a small electrostatic 
machine or a magneto or an induction coil to operate a precipitator were made. 

The writer took up the problem and as it was closely related to the problem 
of developing the maximum corona pressure, previous knowledge as to the 
proper type of electrodes for the development of such a corona pressure made 
the early development of suitable electrodes possible. In the arrangement used 
a wire electrode i§ made to provide the corona while the passive electrode serves 
for the collection of the fume. Inservice the amount of poisonous fume present 
is so small that the choking of the electrodes with precipitated fume hardly 
appears possible. 

Early in May of last year an electrical fume mask was developed that 
answered the fume precipitation problem as far as the proper type of electrodes 
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was concerned, but was only a beginning as regards the limits that were set 
for the weight and the life of the apparatus. The apparatus consists of a 
small induction coil, a special type of active and passive electrodes and a 
battery for the operation of the induction coil. The mask proper would con- 
tain the ordinary parts of the gas mask that control the incoming and outgoing 
air currents or. the electrical parts could be added to those of the ordinary gas 
mask. By the use of silver and alkali any trouble with ozone or oxides of 
mitrogen could be avoided. 

The weight of the whole fume task has been reduced to about two pounds 
and when the armistice was signed the life development of the mask was several 
hours, a time that was entirely too short and which constitutes the remaining 
problem for solution. 

It is planned to have the working parts of this apparatus to exhibition at the 
meeting. For a short account of electrical precipitation and a brief bibliogra- 
phy the reader is referred to the Trans. of the American Electrochemical 
Society, Vol. 31, pp. 514-430, 1917. 


MECHANICSBURG, Pa. 


SoME NUCLEAR CHARGES CALCULATED FOR L-RADIATION.! 
By FERNANDO SANFORD. 


T has previously been shown that on the assumption that x-rays are 
emitted by electrons which are revolving in elliptical or circular orbits 
about positive sub-atoms the central positive charges may be calculated, in 
the case of K-radiation from the two equations Q = 2.882-107/ vd and 
Q=2e(N—b). From the measurements of Blake and Duane the value of } 














is 3.6. 

Element. N. A, Obs. r, Calc. | Dif. 
Sn 50 2.889 3.040 +.151 
Pr 59 1.933 1.920 —.013 
Nd 60 1.775 1.830 +.055 
Eu u3 1.590 1.582 —.008 
Gd 64 1.558 1.548 —.010 
Tb 65 1.470 1.480 +.010 
Dy 66 1.418 1.414 — .004 
Ho 67 1.365 1.370 +.005 
Er 68 1.316 1.316 
Yb 70 1.223 1.223 








Lu | 71 | 1.183 1.184 





In Friman’s measurement of the wave-lengths of the L-radiation band for a 
considerable number of elements? he has indicated what he regards as cor- 
responding lines in the different spectra. The shortest of these lines for any 

1 Abstract of a paper presented at the Washington meeting of the American Physical 
Society, April 25 and 26, I9gI9. 

2 Phil. Mag., 32, 497, Nov., 1916. 
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considerable number of elements is marked y*. This line is indicated in the 
spectra of eleven elements. The central charges for these lines may be cal- 
culated from the equation Q=e(N—15.4) =2.882- 107!/ vy. In the preceding 
table the wave-lengths calculated from this equation are compared with Fri- 
man’s measured wave-lengths. 


PHONOTELEMETER; A DEVICE FOR LOCATING THE SOURCE OF A SOUND WAVE 
FROM A SET OF SOUND-RANGING DatTA.! 


By H. M. DapourIAn. 


NE of the most interesting applications of physics to modern warfare is 

the locating of enemy guns by the method of sound-ranging. This 

consists in observing the time of arrival of the report of the gun at three or 
more observation posts, and from these computing the position of the gun. 

Set 71, T2, T3, etc., be the instants at which the report reaches the observa- 
tion posts, Oi, Oz, O3, etc. Further, let P denote the position of the gun, and 
O, the post nearest to the gun. Then if distances are laid off from O;, Os, 
O3, etc., on the lines of O, P, O.P, O;P, etc., equal to respectively v (7; — 7)), 
v(T2 — 71), v(T3 — T,), etc., these points will lie on a circle of which P is the 
center, and PO, the radius. This fact is made use of in the following simple 
mechanism for locating the source of a sound wave from a set of sound-ranging 
data. To each of the points O,, O2, O3, etc., on a military coérdinate map of 
the sector which is being served, a perfectly flexible and inextensible string is 
attached. These strings go through the small hole of a bead and terminate 
at a moveable point A. The length of the string attached to any one of the 
posts O; is so adjusted that it is greater than the shortest string by a length 
equal to v(7; — 71). Then if the point A is pulled zaway from the posts in 
general only three of the strings will be taut. But if the bead is moved while 
the point A is pulled away from the posts a position will be reached at which 
all the strings are equally taut. This, then, will be the position of the gun on 
the map. 

If only two of the strings are put through the bead at a time, the bead de- 
scribes the hyperbola which contains the position of the gun. By making use 
of all the combinations in pairs, m(m — 1)/2 hyperbolas can be drawn from n 
strings. Theoretically all these hyperbolas pass through the point which 
represents the position of the gun, but in practise they form in the neighborhood 
of this point a sheaf, the middle point of the narrowest part of which represents 
the position of the gun. The phonotelemeter is so constructed as to lend itself 
to corrections for wind, temperature and altitude. 
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SoME EXPERIMENTS BEARING ON THE NATURE OF y-Rays.! 
By ALois F. KOvVARIK. 


XPERIMENTS were performed to find out whether or not the observed 
effects of y-rays take place simultaneously in all directions at the same 
distance from the source. This was done by using the method of autoregis- 
tration of y-ray effects described before this society last December. It was 
found that they do not occur simultaneously, although the average number over 
a certain length of time is the same for positions at equal distance from the 
source. The experiment was conducted as follows: Two independent point 
discharge chambers were made of thin aluminium for one set of experiments, 
of thick brass for another, and of thin paper fora third. One of these chambers 
as connected with the self-registering device and the other with a string 
electrometer; the one produced audible clicks and the other visible motion of 
the fiber of the electrometer. Radium enclosed so as to emit y-rays only into 
the space around it was placed midway between the two chambers at various 
distances in different experiments. Each apparatus registered the same 
number of ‘‘effects”’ per minute, 7.e., if these “‘effects’’ are due to individual 
pulses or trains of pulses, the same number of such y-ray pulses gave up their 
energy to each counting chamber in the same time, but these effects did not 
occur simultaneously. One chamber was kept fixed in position and the other 
was moved around a circle at whose center was the radium source; the two 
were also placed side by side, one above the other, and one behind the other 
and in no case were the effects simultaneous. On an ether-string or a cor- 
puscular hypothesis one may readily find an explanation of the observations 
by assuming a definite quantum and a definite direction for the individual 
y-ray pulse or train of pulses and by assuming that some atom in line with this 
traveling energy is in a condition to receive this quantum of energy and emit 
an electron with the proper speed to correspond to this energy. On the wave 
theory there seem to be greater difficulties. First of all, since the ejected 
8-particles have a definite amount of energy and since these experiments show 
that atoms in the chambers do not eject the 6-particles simultaneously, and 
since the density of the energy in the wave front becomes smaller the farther 
the wave front is from the source, the atoms must absorb the energy and store 
it until a definite quantum is reached. Furthermore, some element of the 
atom must have initially unequal quantities of energy. While these are 
possible suppositions they seem more difficult to conceive. 

Experiments were also tried to find the effect of materials of which the cham- 
ber is made both on the natural effect and on that produced by the y-rays. 
A chamber was made of different thin materials. Part of the chamber was 
common to all, namely, the point with its ebonite holder and a short piece of 
brass tube, over which equal sized tubes of paper, aluminium, brass, lead, tin 
and platinum were placed. The chambers thus contained the same volume 
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of air, had a portion of material common, and did not absorb the y-rays appre- 
ciably in any case. The natural effects were markedly different, being for 
paper only a few per cent. of the effect for platinum, and the order of increasing 
“natural count” being paper, aluminium, brass, lead, tin, platinum. The 
y-ray effect was also smaller for the paper chamber than for the platinum, but 
relatively of the same order of magnitude. These results seem to indicate 
that while the material of the chamber is of importance it is of smaller impor- 
tance than air in the chamber; and that the natural effect (natural ionization 
in ordinary ionization experiments) is due mainly to rays emitted by the 
materials, whether this be caused by outside penetrating radiation acting on 
the material or by rays starting initially in the substance itself. In view of 
the following experiment it seems that it may be due to the latter cause. 
Counts were made using an ordinary brass chamber. Then a carbonized 
paper was inserted, fitting closely into the brass chamber. Records were 
made both for the natural and the y-ray effects under the two conditions. 
The results showed a smaller number, although not very much smaller, when 
the paper coating was used indicating a stoppage, to some extent, of radiation 
from the brass. 


ELECTRIC WAVE TRANSMISSION FORMULAS FOR ANTENNA AND COIL 
AERIALS.! 


By J. H. DELLINGER. 


|* a radio transmitting or receiving set, either the condenser or the induc- 

tance coil is made of large dimensions. It is then called the aérial, and 
effects the transfer of power between the radio circuits and the ether. The 
coil aérial has the inherent advantage of serving as a direction finder and inter- 
ference preventer, but is less effective quantitatively as a transmitting or 
receiving device than the condenser aérial, commonly called the antenna. 
The practical question, how far can communication be maintained by a coil 
in comparison with an antenna, is answered by the following formulas, derived 
from electromagnetic theory. A flat-top antenna is considered, and a rec- 
tangular coil. Let h = height of antenna or coil, / = horizontal length, and 
N = number of turns of wire of coil aérial, J = current, \ wave-length, 
d = distance apart of transmitting and receiving aérials, R = resistance of 
receiving aérial circuit. The subscripts s and r refer to sending and receiving. 
respectively. All lengths are in meters. 

Antenna to antenna: 


ae 188. h,h,I; 
a” 
Antenna to coil: 
1184. hsh,l, NI; 
Rid 


1 Abstract of a paper presented at the Washington meeting of the American Physical 
Society, April 25 and 26, 1919. 


I, = 























ae eee THE AMERICAN PHYSICAL SOCIETY. 181 


Coil to antenna: 

1, = 1184: hela Nols 
= Rd2d 

Coil to coil: 

_ 7450. helshy Ne NiIs 


- Ridkd 





For distances greater than about 100 km. multiply any of these formulas by 
the factor €~°-*7(4/4") based on empirical results of Austin. 

These formulas have been verified by experiments made at the Bureau of 
Standards and elsewhere. In some experiments the received current will be 
found to be greater than the formulas indicate, because the coil aérial acts 
both as a coil and as an antenna by virtue of its capacity to ground. This 
double action of the coil structure is likewise indicated by values obtained 
for radiation resistance and by the observed directional properties. 

The use of the coil aérial is particularly advantageous, as may be seen from 
the formulas, for short waves. In most cases, the usefulness of the coil in- 
creases as its dimensions are made to approach the order of magnitude of the 
wave-length. An advantage of the coil not apparent from the formulas is 
that its resistance can usually be made lower than that of the corresponding 
antenna. 


BUREAU OF STANDARDS, 
WASHINGTON, D. C. 


IMPROVEMENTS IN PRECISION MEASUREMENTS AT RADIO FREQUENCIES.! 
By J. H. DELLINGER. 


HE methods of measurement at radio frequencies are unique, in that no 

mechanical system can follow the alternations of current themselves. 

The methods are essentially indirect and hence specialized. They include 

methods which depend upon (a) balancing of reactance, (6) thermal effect, 

and (c) rectifying effect. In general the methods are very simple in principle, 
but very difficult in practice. 

The radio work which the Bureau of Standards was called on to do during 
the war involved many kinds of measurements. As a result of the work done 
here and elsewhere on radio measurements, rapid progress has been made in 
this fairly new science. High-frequency phenomena are now susceptible of 
accurate calculation. On account of the general use of continuous rather than 
damped waves the theory of the subject is a direct application of low frequency 
theory. The principles of radio measurements are coextensive with the prin- 
ciples of radio engineering and operation to an extent not true in other fields. 
For example, the wavemeter is a complete though miniature transmitting and 
receiving station, consequently progress in measurements contributes to prog- 
ress in the general subject of radio. 


1 Abstract of a paper presented at the Washington meeting of the American Physical 
Society, April 25 and 26, 1919. 








182 THE AMERICAN PHYSICAL SOCIETY. peceme 


I can give here a mere table of contents of the work which has been done in 
this subject. The principles of the subject are given in the publication ‘‘ Radio 
Instruments and Measurements,” issued by the Bureau of Standards in March, 
1918. The work described here refers chiefly to work done at the Bureau of 
Standards since that time. 

In the general field of the development of apparatus, depending upon react- 
ance and the balancing of reactances, a special study has been made of the 
inductance and capacity of inductance coils used in radio. It has been found 
that not only must the distributed capacity of the coil be considered, but also 
the capacity of the coil to the surroundings. The resistance of coils has also 
been studied, and empirical expressions for the variation of resistance with 
frequency determined. New types of wavemeters have been designed. 
These included direct-reading wave-meters of simple type and a long-wave 
wavemeter employing special and very compact type of coil. 

Included under the general head of measurements depending upon the ther- 
mal effect of the current, studies have been made of the methods of measuring 
those factors which give an expression for the power loss in a radio circuit. 
These quatities are power factor, resistance, phase difference, decrement, 
and sharpness of resonance. Direct-reading methods have been worked out 
and scales constructed by which a direct-reading phasemeter or decremeter 
may be readily made out of any ordinary wavemeter. Convenient measuring 
sets have been developed. Studies have been made of the precision of resis- 
tance measurements by least-square methods. A particularly large amount of 
work has been done on the power factor of insulating materials, and a general 
study has been made of the high-frequency properties of such materials. In 
connection with these measurements work has been done on the shielding of 
radio measuring circuits. The principal source of error in radio measurements 
arises from the presence of electrostatically induced E.M.F.’s. These methods 
produce effects which cannot be handled by calculation and have heretofore 
been a source of great difficulty and error. They can now be eliminated by a 
suitably grounded and designed metallic shield which may entirely surround 
the measuring circuit or may be merely placed between the measuring circuit 
and the generating circuit. Certain measurements also have been greatly 
improved by the use of a screened cage which entirely surrounds the measuring 
apparatus and observer. 

A type of measurement which is not included under the classes mentioned 
above depends on the use of a system which does actually follow the alter- 
nations themselves. As previously stated this cannot be a mechanical system, 
but is a beam of cathode rays. Reference is made to the cathode ray oscillo- 
graph which is utilized to plot Lissajou’s figures on a fluorescent srceen—the 
figures depend on phenomena taking place in radio circuits. This means the 
phase and high-frequency relations in radio circuits can be accurately and 
visibly studied. Progress has been made in the development of rectifying 
devices and methods of measurement. The measurement of intensity of 
signals in a telephone receiver has been developed into an accurate method by 
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use of the principles of comparison of sound intensities. The crystal detector 
has been thoroughly investigated, and means devised for improving its con- 
stancy. A large amount of work has been done on the vacuum tube as a gener- 
ator of oscillations, a detector, and an amplifier. The great improvements in 
radio measurements and engineering which have resulted are well known. In 
the laboratory the use of the vacuum tube gives the experimenter an entirely 
new power over radio phenomena, and the combination of this with the cathode- 
ray oscillograph opens up fields of measurement which have boundless possi- 
bilities. 
BUREAU OF STANDARDS, 


Rapio LABORATORY, 
WASHINGTON, D. C. 


THE USE OF THE OSCILLOGRAPH FOR THE STUDY OF BALLISTIC PROBLEMs.! 
By H. L. Curtis AND R. C. DUNCAN. 


T the request of the Bureau of Ordnance of the Navy Department the 
Bureau of Standards undertook investigations of the possible causes of 
dispersion of the Navy’s 14-inch guns under actual service conditions. After 
a careful analysis of the problem, it was decided to design apparatus for the 
following: (1) To determine the firing time intervals. By determining the 
time of the occurrence of various events which indicate the completion of 





certain steps in the progress of the firing. (2) To determine the motion of the 
gun during the firing of single gun salvos and also of turret salvos. This 
involves the study of the recoil of the gun and also its lateral motion in both 
vertical and horizontal directions, usually called jump and whip, respectively. 

The nature of the work demanded that the apparatus be self-recording and 
that the recording apparatus be placed some distance from the guns. The 
regular. General Electric oscillograph was chosen as the most suitable instru- 
ment for the recording of the measurements. However, it was necessary to 
modify it to meet the special conditions of the investigation. 

A timing system was developed which causes flashes of light to fall across 
the film at regular intervals, thus ruling the film in time units. These units 
may be made either 1ooth or 1,000th of a second as desired. 

Electric circuits were so arranged that one oscillograph element recorded 
the make of the current through the firing circuit, the break of the primer 
bridge, the explosion of the primer, the beginning of the recoil of the gun and 
the ejection of the shell. From this record, the various firing intervals were 
determined. 

In the measurement of the motion of the gun a point by point method was 
used throughout. A system of contacts was arranged with a resistance element 
connected between each of them. A battery was connected in series with the 
oscillograph element, a sliding contactor and this series of contacts. The 


1 Abstract of a paper presented at the Washington meeting of the American Physical 
Society, April 25 and 26, 1919. 











184 THE AMERICAN PHYSICAL SOCIETY. | ee 


motion of the gun caused the sliding contactor to move along the series of 
contacts thus changing the current step by step in the oscillograph circuit. 
The apparatus was calibrated in advance so that the amount of motion re- 
quired to produce a certain definite step in the current value was known. As 
the timing lines were ruled on the same film, this record furnished sufficient 
data to plot a distance-time curve of the motion of the gun. 

In the actual work aboard ship a room four decks below the main deck was 
used as the laboratory. In most cases three oscillographs were used simul- 
taneously and in some cases four. A 14-wire cable connected the oscillograph 
elements to the apparatus on the guns while another cable connected the oper- 
ating circuits of the oscillographs to the firing key. The closing of the firing 
key electrically operated the oscillograph shutters and also operated a relay 
which fired the guns. This relay was so timed that the firing circuits were 
closed a few 1,000ths of a second after the shutters were opened. 

Data has been taken during the experimental firing of two battleships. The 
results have been such that it is planned to carry on investigations during other 
experimental firings. 

A time-pressure gage is also being developed for studying the variation of 
pressure inside the powder chamber of the gun. The pressure is measured 
by the motion of a piston working against a strong spring. The motion of 
the piston is recorded on an oscillograph film by means of a step by step contact 
system, similar to the one used in studying the motion of the gun. Sufficient 
data is obtained from the oscillograph record to plot a curve showing the vari- 
ation of pressure with time. 


BUREAU OF STANDARDS, 
WASHINGTON, D. C.. 
April 3, 1919. 


THE SPECTRAL COMPOSITION AND COLOR OF CERTAIN HIGH INTENSITY 
SEARCHLIGHT ARCs.! 


By Irwin G. Priest, W. F. MEGGERS, H. J. McNicuHotas, K. S. GiBson, AND E. P. T. 
TYNDALL, IN COGPERATION WITH THE SEARCHLIGHT INVESTIGATION SECTION, CORPS 
OF ENGINEERS, U. S. A. 


HE development of high intensity arcs, by the use of specially prepared 
carbons, has resulted in the production of a very blue light from such 
sources. In a general investigation of searchlights, the effectiveness and 
suitability of illumination for various purposes, it appeared desirable to have 
at least approximate quantitative data as to the quality of the light (spectral 
distribution, color). 

There are considerable difficulties in the spectrophotometry of such a source. 
It was therefore decided to obtain some preliminary data by the short cut color 
matching method of rotatory dispersion.2 By this method one may deter- 

1 Abstract of a paper presented by title at the Washington meeting of the American 


Physical Society, April 25 and 26, 1919. 
2 Arons, Ann. der Phys., 39, 545, 1912. Priest, PHys. REV., 2, 10, 208, 1917. 
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mine quickly a spectral distribution which gives the same color as the source 
being studied. The spectral distribution for equivalent color of a regular 
army Sperry 45-volt, 75-amp. searchlamp obtained in this way was found to 
be very close to that of the noon sun at Washington,! 7.e., approximately that 
of a “‘black body”’ at 6000° K. 

Preliminary spectrophotometric measurements with the Koenig-Martens 
spectrophotometer were made in April, 1918; but inasmuch as we had no de- 
scription or specification of the carbons other than the maker’s name, it was 
decided to make further measurements with carbons subjected to spectro- 
scopic analysis for the sake of greater definiteness of description. 

The relative spectral distribution of radiant energy throughout the visible 
spectrum was measured for the following arcs: Sperry searchlight arc, Colum- 
bia carbons, 75 amperes; Sperry Searchlight arc, Speer carbons, 75 amperes; 
Ordinary arc, Electra carbons, 10 amperes. These relative values of radiant 
power were obtained visually by a spectrophotometric comparison to a stan- 
dard Mazda C 500-watt lamp (B.S. Lamp no. 1717), the spectral distribution 
of which had been accurately determined radiometrically by W. W. Coblentz 
of this bureau. This comparison was made by a substitution method, the 
light from the arc and the standard lamp in turn being measured in terms of 
that of a second 500-watt Mazda C lamp. The apparatus and method may 
be briefly described as follows: 

Light from the arc (or the standard lamp) on one side and the comparison 
lamp on the other, entered the two halves of an illumination box. These two 
compartments were separated from each other by a brass partition. The 
interior of each compartment was coated white with magnesium oxide, and 
blocks of magnesium carbonate were placed with their surfaces at 45° to the 
direction of the incident light from the two sources. 

Light from these two illuminated carbonate surfaces entered the double slit 
of a Kénig-Martens polarization spectrophotometer, through small openings 
in the illumination box. The whole interior of the box was of course illumi- 
nated by diffuse reflection from the magnesium carbonate blocks, and two 
beams of light from the sides of the box next to the spectrophotometer passed 
through openings in the opposite side and were compared by means of a Mar- 
tens polarization photometer. 

A red glass filter was placed over the eyepiece of this photometer to eliminate 
the color difference between the arc and the comparison lamp, and a ground 
glass diffusing screen used to make the photometric field still more uniform and 
of the proper brightness. A rotating sector was used to reduce the illumination 
from the arc to the proper value. In some of the runs a 5-millimeter dia- 
phragm was placed over the arc to cut off all light except that coming from the 
center of the positive carbon. 

Five people were necessary in making the observations on the arc, one to 
watch and control the arc, recording the readings of a voltmeter, a second to 


1 Abbot’s data. See Priest, PHys. REv., 2, 11, 502, 1918. 
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regulate the current through the arc, recording the readings of an ammeter, 
a third to observe the illumination through the Martens photometer, a fourth 
to take readings on the spectrophotometer, and a fifth to record these readings 
and keep the proper voltages on the lamps by means of a potentiometer. 
The procedure for taking a series of observations under these conditions was 
as follows: 

The arc was allowed to run a few minutes in order that conditions might 
become as steady as possible. While this was being done, the comparison 
lamp was kept at its proper voltage, and the variations of the illumination from 
the arc followed on the Martens photometer. Finally the photometer was 
set for equality of brightness between the two sources at what seemed to be the 
best mean value of the illumination from the arc. This setting was then un- 
changed during the run. Now for any given wave-length, the variations in 
the illumination from the arc were followed on the spectrophotometer, the 
attempt being made to keep the two halves of its comparison field always equal 
in brightness. Whenever conditions were right as shown by the Martens 
photometer, a sharp signal was given and the reading of the spectrophotometer 
taken at that instant. 

At each wave-length from four to ten readings were taken on the spectro- 
photometer, the number depending on the agreement obtained among the 
readings. Measurements were made from 430 or 440 to 710 millimicrons, 
usually at every 20 millimicrons. 

After this series of measurements was completed, the arc was replaced by 
the standard lamp and another series of measurements was made at the same 
wave-lengths as previously on the arc. Only two observers were now neces- 
sary, one to make the measurements on the spectrophotometer, the other to 
record the data and keep the voltages constant with the potentiometer. 

In this manner all the data were obtained, either a complete run or check 
points being taken on the standard lamp between any two of the runs on the 
are. 

These measurements thus gave the spectral distribution of radiant power of 
the arc relative to that of the standard lamp; and knowing the values for the 
latter, the true relative values of the spectral distribution in the arc were ob- 
tained. 

In the following table are given some of the values thus obtained, all being 
reduced to 100 at 590 millimicrons. These are the final averages of all the 
runs, both diaphragmed and undiaphragmied. As noted below, there is little 
difference in the two cases. 

Perhaps the most striking characteristic of the spectral distribution of 
radiant power of the 75-ampere arcs is the preponderance of the blue. This 
was to be expected from the bluish color of the arc when run at that current 
The sudden increase of radiant power below 450 millimicrons is too large to be 
due to errors of measurement, in spite of the difficulty of obtaining accurate 
values in this region. Spectrograms of these arcs taken at 10 amperes show 
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that this increase in the blue is due to a selective emission band analogous to 
the carbon bands in the plain arc at shorter wave-lengths. 








Relative Radiant Power. 





Wave-length, Millimi- 









crons. Columbia Carbons 75 Speer Carbons 75 Amp. Electra Carbons 10 Amp. 
Amp. Ave. of 4 Runs. Ave. of 3 Runs. | Ave. of 2 Runs. 
710 98.6 103.9 146.1 
670 93.4 98.1 125.5 
630 98.6 101.7 110.3 
590 100.0 100.0 100.0 
550 115.0 116.6 83.4 
510 149.7 141.4 67.2 
490 154.6 155.6 61.8 
470 169.6 155.2 55.1 
450 182.1 151.7 47.8 
440 262.6 229.2 47.7 
430 372.8 





























Spectroscopic analysis revealed the fact that the Columbia and Speer carbons 
were cored with a mixture of rare earth elements among which cerium, thorium, 
lanthanum, and yttrium were represented. The emission spectra of these rare 
earths are very rich in lines, especially in the blue and violet spectral regions, 
so that a combination of them gives practically a continuous spectrum. Spec- 
troscopic analysis of the incandescent vapors in the center of the arc showed 
that the rare earths in the Columbia and Speer carbons carried most of the 
current and suppressed the spectrum of carbon, while the electra carbons, 
which contained no rare earths, gave a very discontinuous spectrum in which 
the carbon bands of short wave-lengths were most prominent. 

There seems to be no consistent difference between the data for the Columbia 
carbons and for the Speer carbons. In both cases the values obtained when 
the diaphragm was used, are lower in the blue than those found with the arc 
undiaphragmed. In the red, however, the diaphragmed values are higher 
than the undiaphragmed values in one case (Columbia carbons) and lower in 
the other (Speer carbons). 

The plain carbon arc at 10 amperes shows little selective emission over this 
range. It is to be regretted that time was lacking to make measurements on 
this arc at various currents up to 75 amperes. 

This work would have been extended, but was discontinued on account of 
demobilization. 

A complete report illustrated with diagrams of apparatus, spectral distribu- 
tion graphs and photographs of emission spectra was issued to the Corps of 
Engineers, U. S. A., and others, Jan. 23, 1919 (Bull. No. 4, “ B.S. Bulletins 
on Visibility and Camouflage ’’). It is expected that the complete report will 
also be published later in the military reports of the Bureau of Standards. 


BUREAU OF STANDARDS, 
WASHINGTON, D. C., 
April 24, 1919. 
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OPTICAL AND PHOTOGRAPHIC METHODS FOR THE DETECTION OF INVISIBLE 
WRITING.! 


‘By Irwin G. Priest, AND E. P. T. TyNDALL. 


PTICAL and photographic methods for the examination of suspected 

papers and documents, developed by the authors and used by the Office 

of Naval Intelligence and Military Intelligence during the war, included the 

following: (1) Examination by intense illumination at grazing incidence, 

(2) examination by regular reflection, (3) examination by fluorescence, 
(4) ultra-violet photography. 

Special apparatus was designed and constructed at the Bureau of Standards 
to facilitate rapid and convenient routine examination by these methods. 
This is to be exhibited at the Physical Society meeting, April 25-26. Four 
confidential technical reports on this subject were made to the Office of Naval 
Intelligence, February to May, 1918, and a later report (August) by one 
of the present authors (Tyndall) in conjunction with Dr. N. E. Dorsey on the 
use of the electroscope and X-ray photography in detecting secret writing. 
A more detailed account of this work will appear in the forthcoming military 
reports of the Bureau of Standards. 


NATIONAL BUREAU OF STANDARDS, 
April 20, 1919. 


REPORT ON THE APPLICABILITY OF ULTRA-VIOLET RAys TO SIGNALING? 
By IRWIN G. PRIEST AND K. S. GIBSON. 


EVERAL months before the entry of the United States into the war, the 

Bureau of Standards was requested to advise the Navy as to the selection 

and specification of a lamp to be used as a stern light, so designed that it 

would be visible to other ships of the same squadron at 1,000 yards (914 meters) 

astern while not visible at greater distances and not easily picked up by enemy 
ships. 

This request suggested to us the possibility of screening the source with a 
filter transparent to ultra-violet, while opaque to the visible, and observing 
it with a fluorescent detector. Experiments made at the bureau, February 
to May, 1917, showed in general the feasibility of this idea; and a letter to this 
effect was delivered to Admiral R. S. Griffin, June 1, 1917. A detailed tech- 
nical report was made to the Director of the Bureau of Standards March 5, 
1918, and transmitted by him to Admiral Griffin, March 6, 1918. Most of 
the following information is taken from this report. For a more detailed 
illustrated account reference must be made to the forthcoming military reports 
of the Bureau of Standards. 

The experiments were made under the following conditions: 

1. Sources——A right angled carbon arc with current up to 25 amperes and a 

1 Abstract of a paper presented by title at the Washington meeting of the American 
Physical Society, April 25 and 26, 1919. 

2 Abstract of a paper presented at the Washington meeting of the American Physical 
Society, April 25 and 26, 1919. 
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vertical iron arc with current up to 15 amperes were uSed. (A mercury arc 
would perhaps be more favorable than either of these, but was not used because 
of the a priori conclusion that such a lamp would not be rugged enough for 
actual service at sea.) No condensing, collimating or directing mirrors or 
lenses were used in these trials, although they were recommended for use in 
service. 

2. Screens.—Corning glass G-55-A-62' and similar glasses made by the 
Corning Glass Works at our request; aqueous solution of nickel sulphate; 
aqueous solution of p-nitrosodimethylaniline. The wave-lengths actually 
used were in a narrow band centered at about 340-350 millimicrons. 

3. Range.—Experiments were made in an open range of about 654 meters. 
Rotating sectors were employed to give effect of greater distance. To facilitate 
the experiments the sending and receiving station were in direct telephonic 
communication. 

4. Receiver.—The receiver consisted of a short-focus quartz lens forming an 
image on the fluorescent screen, which was observed by a low power positive 
ocular from the opposite side. The observer’s eyes were completely shaded 
by a close-fitting shade, and a thin piece of ‘purple-ultra” glass (Corning 
G-—55-A-62) was inserted between the objective and the screen. This cuts 
out extraneous illumination, showing the fluorescent image on a dark back- 
ground and 1s essential to sensitiveness. 

5. External Conditions.—All tests were made at night, but under various 
conditions of light from sky, moon, etc. 

Our conclusions may be stated as follows: 

1. General Conclusions —Working on the above range and with the appara- 
tus mentioned we have observed clearly visible fluorescent images when the 
source was nearly or quite invisible to the unaided eye, and the fluorescent 
image still remained visible when a 4 per cent. rotating sectored disk was 
interposed before the source. However, the following qualifications of this 
general conclusion must be noted. 

It is very difficult to reach any definite conclusions as to the absolute invisi- 
bility of such a source to the unaided eye. The circumstances of the visibility 
or quasi-visibility of the source with filters used in our experiments were as 
follows: 

Even with our best ultra-violet filters the source was always visible when 
near it. At the receiving station, when the source was nearly invisible, it 
could never be focused as a blue or violet point source by the unaided eye 
although the same source with a red filter could easily be seen as a red point 
source. However, when carefully looked for, an indefinite blue-gray haze, | 
covering a large area of sky, could be seen. This phenomenon is apparently 
due to fluorescence of the eye media rather than to true visibility of the light 
transmitted by the ultra-violet filter. The personal equation in the visibility 
of this blue haze is considerable; it may be invisible to some and quite visible 


1 The suitability of this glass for the purpose was known to us from tests of its visual and 
ultra-violet spectral transmission which we made in another connection in 1196. 
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to others. This visibility is a function of the observer's age. The blue haze 
was much more visible to Mr. Filgate, age twenty, than to Mr. Priest, age 
thirty-one. Owing to the senile yellowing of the crystalline lens, it is still less 
visible to older observers. Its appearance in the sky is of such an elusive 
nature that its presence can only be determined by the method of right and 
wrong answers. The darkness or lack of darkness of the night, of course, 
affect this visibility to the unaided eye while not affecting the detector as we 
use it. The advantage of this detector over the unaided eye is thus greatest 
on moonlight nights or with other lights in the neighborhood of the sending 
station. 

The source may, of course, be found and sharply focused by ‘“‘night glasses”’ 
when it is invisible to the unaided eye. However, the fluorescent image may 
be seen in the detector when the source can not be seen using this same optical 
system simply as a telescope (fluorescent screen removed). 

2. Special Conclusions—(a) An absolutely dark (or invisible in perfectly 
dark surroundings) ultra-violet source for practical signaling through the 
earth’s atmosphere, is not possible because the source is disclosed by the 
fluorescence of the eye itself, although the appearance is very vague and ill- 
defined. 

(b) As position and identification lights designed to be inconspicuous (if 
not quite invisible) and capable of having their visibility increased to one 
provided with the fluorescent detector, the ultra-violet screened sources may 
be recommended as worthy of trial in practice. 

(c) The method could be used very efficiently at night and the source be 
made entirely invisible to the unaided eye (probably also to ordinary telescopic 
examination) if the sending station were “‘camouflaged”’ by bright yellowish 
lights (carbon filament lamps or arcs screened with “‘no-glare”’ glass) placed 
close to it. The glare from such sources would obliterate the faint blue haze. 
It seems probable that this procedure would be quite practicable in certain 
military and naval circumstances. 

Regular lighthouses along our coast might send ultra-violet signals which 
could be picked up by our own ships and never be suspected by any one not 
equipped with the fluorescent detector. 

(d) Although we have made no trials by daylight, it would appear that day 
conditions might be more favorable than night for obtaining the desired result. 

(e) The best practical signaling apparatus is apparently the iron arc with 
the Corning glasses and nickel sulphate. The p-nitrosodimethylaniline is 
not necessary. Silver films have been tried as ultra-violet screens without 
practical success. The uranyl sulphate was the most sensitive detector tried 
by us. 

NATIONAL BUREAU OF STANDARDS, 
April 20, 1919. 
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A NEw FoRMULA FOR THE SPECTRAL DISTRIBUTION OF ENERGY FROM A 
COMPLETE RapraTorR. II., CONCERNING THE VALUE OF THE 
CONSTANT D,.! 


By IRWIN G. PRIEST. 
N two previous papers,’ the author has proposed the following formula for 
the radiant energy from a black body as a function of temperature and 


wave-length. 
E. =D Tie Piatt 3—(\ T)-1/3]2 
has 1 . 


In these papers tentative values of the constants A and D» were indicated as 
follows, on the basis of Coblentz’ spectral distribution data: 


A 


2,920 to 2,940 micron degrees, 
DP. = 4,481 (micron degrees)’, 


Tables of computed spectral distribution were given for A = 2,940 and D.=4,481. 

Dr. E. P. Hyde has called the author’s attention to the fact that Dr. Forsythe 
in his laboratory has found that the proposed equation with A = 2,940 and 
Dz = 4,481 does not lead to the correct experimental value for the isochro- 
matic intensity ratio: 


| E. Palladium point, 7=1828) 


Evgora point, 7=1336) 


| for AX =0 .665 yu. 


The experimental value for this ratio is given by Dr. Hyde as 77.5. Wien’s 
(or Planck's) equation for C2. = 14,350; “gold point” 1,336 K; “palladium 
point’’ 1,828 K; gives this ratio as 77.2. The proposed equation for the same 
temperatures with A = 2940 and D2. = 4481 as pointed out by Dr. Forsythe 
and verified here, gives 70.5. 





This circumstance has led the author to a more careful consideration of the 
determination of D2, resulting in the following conclusions: 

1. The data considered in the previous papers is best satisfied by A = 2,940 
micron degrees in the proposed equation. 

2. The constant A being determined by the isothermal distribution data 
as 2,940, the value of D2 required to satisfy the above mentioned isochromatic 
ratio for the gold and palladium points at \ = 0.665 microns is 4,640 [micron 
degrees]?/*, 

3. This value of Dz satisfies the isothermal spectral distribution data just as 
well as the previous value, 4481. See accompanying table. 

4. The gist of the matter is simply this: 

The isochromatic ratio data give a much more sensitive criterion for the 
determination of D. than the isothermal distribution data for relative energy. 
In the previous papers no attention was given to isochromatic data and the 
value of D2 was obtained solely to satisfy the isothermal distribution data. 

1 Abstract of a paper presented by title at the Washington meeting of the American 
Physical Society, April 25 and 26, 1919. 

2 Optical Society of America, Baltimore, December 27, 1918; American Physical Society, 
New York, March 1, 1919. Puys. REv., 2, 13, 314. 
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SECOND 
SERIES. 


It so happened that the value chosen did not accurately satisfy the isochromatic 
data; but both sets of data may be satisfied by a single value, viz: D2 = 4,640. 


























I. II. Ill. | IV. 
T | 
= Exp. Data for Rel. ” 
_! Energy Arbitrary | 
| oar L Bes-sck Pap.a6y | Rytiguals 
& T=1596 5K, 
| $ 
| 
942. | 0.0082 0.0147 —.0065 
| 1102. .0339 .0344 —.0005 
1213. .0700 .0570 +.0130 
1325. .1238 .1080 +.0158 
1485. .2288 .2288 —.0000 
| 1676. .3844 .3879 —.0035 
1788. .4810 4861 —.0051 
1900. | 5752 5705 +.0047 
| 2044. | .6873 .6874 —.0001 
2155. .7649 .7827 —.0178 
2427. .9067 9123 —.0057 
‘ 2714. 9841 | 9761 +.0080 
m : 2986. | .9997 .9800 +.0197 
3257. 9743 9457 +.0286 
3512. .9268 9231 +.0037 
3624, 9021 .8946 +.0075 
3848. | .8462 | 8484 —.0022 
4071. .7866 7571 +.0295 
5843. | .3871 | .3899 —.0028 
6003. .3624 | .3673 —.0049 
6434. | .3018 | .3074 — .0056 
7089. | .2318 .2396 —.0078 
7408. .2039 | .2141 —.0102 
| 7695. | 1816 | .1935 —.0119 
| 7983. 1627 | 1758 —.0131 
| 8238. | 1475 1571 — .0096 
8493. | .1341 1444 —.0103 
| 8765. 1214 1296 —.0082 
| 9930. .0805 .0845 —.0040 
Arith. +.00673 
aii { Alg. +.00019 
Mean residuals } A\>Am { -" te 
All { Arith. +.00898 
: Alg. +.00002 











The form of the equation remains unchanged. Only the value assigned to 
the constant D2 has been revised. These values of A and D2 must of course, 


still be considered tentative owing to the limited data considered. 
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Errata in previous paper (Puys. REV., 2, 13, 314-317). 

Line 6, page 317, for “‘are”’ read “ an.”’ 

Line 10, page 317, for “‘ D?”’ read ‘ Dy.” 

Please note also in equations 1 and 2 that —1/3 always occurs as an ex- 
ponent, which is not clearly shown in printed equations. The form of the 
equation is correctly given in lower left corner of Fig. 1, page 315. 


BUREAU OF STANDARDS, 
April 16, 1919. 


DEVELOPMENT OF Loop AERIAL FOR SUBMARINE RADIO COMMUNICATION.! 
By J. A. WILLOUGHBY AND P. D. LOWELL. 


if the fall of 1917 a series of experiments was made using a closed insulated 

loop with the object of developing an apparatus for the detection of 
enemy submarines. In the course of this work it was discovered that radio 
signals could be received by means of the loop, whether the loop was in air 
or was submerged in fresh water. As the value of such a device for the 
reception or transmission of radio signals under water with or between sub- 
merged submarines was immediately apparent, an extensive series of experi- 
ments under actual working conditions was made in coéperation with the 
Navy at the submarine base, New London, Conn., during the spring and sum- 
mer of 1918. 

The loop as finally perfected consisted of two insulated wires grounded at 
the extreme ends of hull, carried over suitable supports to the bridge and thence 
through radio lead-ins to the receiving and transmitting apparatus. 

The experiments showed that communication at sea can be carried on under 
all conditions more efficiently with such a loop than with the ordinary antenna 
now in general use. As the loop is of simple construction and requires no 
masts, it does not interfere with submergence. 

When the submarine is submerged, any North American or European station 
can be received as distinctly as when it is on the surface; the maximum depth 
of submergence at which signals can be received is determined by the wave- 
length. To receive short wave-lengths it is necessary that the top of the loop 
be near the surface of the water, whereas a wave-length of 10,000 meters can 
be received when the top of the loop is submerged 21 feet. Still longer wave- 
lengths can presumably be received at still greater depths. 

Signals can be transmitted from the loop, using the standard 952-meter 
wave-length, at a distance of ten or twelve miles when the submarine is com- 
pletely submerged, the maximum distance being obtained when the top of the 
loop is practically at the surface, and the distance decreases to two or three 
miles when the top of loop is eight or nine feet below the surface. 


1 Abstract of a paper presented at the Washington meeting of the American Physical 
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Submergence of the submarine during reception or transmission of a message 
does not alter the wave-length. If the maximum depth for the wave-length in 
question is exceeded, communication, of course, is interrupted. 

When the submarine is running awash or on the surface, signals can be trans- 
mitted (with a 1-K.W. spark set), a distance of at least a hundred miles even 
under very stormy conditions. Grounds or short circuits caused by heavy 
seas, which render the ordinary antenna useless in stormy weather, do not 
affect the closed loop. 

The closed loop can also be used as a direction finder, either on the surface 
or submerged, the maximum strength of signal being obtained when the sub- 
marine is pointing toward the transmitting station and the minimum signal 
when at right angles. 

The foregoing results were so satisfactory that the Navy adopted the device, 
and in the summer of 1918, started equipping its submarines with this type of 
loop. 

BUREAU OF STANDARDS, 
WASHINGTON, D. C. 


AN INVESTIGATION OF THE PHYSICAL PROPERTIES OF COTTON AIRPLANE 
FaABRICs.! 


By R. W. DUNCAN. 


HIS experimental study of cotton airplane fabrics was a part of a larger 

investigation which was undertaken at the Bureau of Standards in 

order to obtain, if possible, a satisfactory substitute for linen as a covering for 

airplane wings. This undertaking became necessary since the supply of linen 
was not sufficient to meet the demands of the countries at war. 

Owing to the fact that in airplane service the fabric is ‘doped,’ that is, 
treated with a solution of cellulose acetate, or nitrate, the chief interest lay in 
the characteristics of’ the doped fabric. Strips, cut from fabric proposed for 
airplane use, were tested by a regular series of loading. The results obtained 
from these doped samples were represented graphically in a load-stretch curve. 
This curve is characteristic of the particular fabric, since its shape is determined 
not only by the total per cent. elongation for a given load, but also by the man- 
ner in which this total. is made up of its two parts, viz., the returnable stretch, 
and the permanent set. These characteristic differences which are very im- 
portant in determining the behavior on an airplane wing are due to the quality 
and make-up of the yarn, the kind of weave, the characteristics of the dope, 
etc., that is, to differences in material, yarn number, twist, ply, crimp, lateral 
contraction, etc. Therefore these curves, when drawn for a series of fabrics, 
offer a means of comparing fabrics as to their characteristic properties and 
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also of studying in detail the effect which each of these factors has in deter- 
mining these properties. 

It may be pointed out here that Hooke’s law does not hold for fabrics. 
What little elasticity there is may be attributed chiefly to the dope, while the 
permanent set is due not so much to the yarns themselves as to the crimp which 
is introduced in the process of weaving. In no case, yet observed, was it pos- 
sible to duplicate results on any particular sample, for after undergoing a simple 
series of tests, or any previous strain whatsoever, the fabric had been so changed 
that if put through another similar test, the curve obtained was quite different. 
For purposes of comparison, therefore, it is necessary to use a “fresh” sample 
in each case. Other variations, which must always be taken into account, are 
those due to the non-uniformity of samples cut from the same piece of cloth, 


‘ ” 


differences in concentration and application of the dope, and the “creep” or 
gradual increase in length with time while under stress. All measurements 
must be taken in a room where temperature and moisture content are under 
control. 

One very important matter which has received little attention in work with 
fabrics is elastic hysteresis. The shape of the hysteresis loop and the “fatigue”’ 
breakdown of the fabric under rapidly repeated stresses. A machine for 
studying the fatigue properties in this way was constructed and was used in 
testing lacing cords of cotton and linen. 

Tests for fabric characteristics were made upon a rectangular area of the 
fabric which was stretched upon a frame and doped. The deflection (by air 
pressure) of the middle point of this rectangle was observed and pressure- 
deflection and hysteresis curves were drawn. These curves are characteristic 
of the behavior of the fabric under conditions quite similar to those upon the 
plane itself. Much valuable information with regard to the performance of a 
given fabric upon an airplane wing may be obtained from the load-stretch, 
the pressure-deflection, and the hysteresis curves, together with a knowledge 
of the fatigue properties of the fabric. 

Experiments were undertaken to measure the initial tension (before deflec- 
tion) produced by the dope upon drying and to determine the effect of this 
tension upon subsequent tensions and deflections due to a given wind pressure. 
For high values of the initial tension (drumhead tightness) the doped fabric 
is quite elastic, and the deflection produced by a given wind pressure is deter- 
mined almost entirely by the initial tension and is approximately independent 
of the material of the sample. Thereotical curves drawn to represent the de- 
flections for a series of wind pressures for any fabric whatever checked closely 
with the experimental results taken upon number of quite different fabrics. 
Therefore, since the deflection may be taken as an approximate measure of 
the tightness, a tautness indicator was constructed and was tried out in testing 
the effect of weathering upon tightness. This indicator was afterwards made 
in a somewhat improved form to be used for standardizing production in air- 
plane factories. 
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I wish to express my appreciation of the hearty codperation of Mr. E. D. 
Walen, who had charge of all the work in the Textile Section of the bureau. 


BUREAU OF STANDARDS, 
WASHINGTON, D. C., 
January, I9I19. 


THE USE OF SUBSIDIARY SPARK GAPS IN IGNITION SyYSTEMs.! 
By W. S. GORTON. 


DDITIONAL or subsidiary gaps have frequently been used in jump 
spark ignition systems in order to cause the resumption of sparking in 
fouled spark plugs. The series gap, to which the greater part of this report is 
devoted, is a subsidiary gap in the connection between the high tension ter- 
minal of the plug and that of the magneto or coil. <A brief account is given of 
the use of this gap up to the present time and also of the statements concerning 
it which have gained some currency, most of which are shown to be erroneous. 
The simple theory of the action of the series gap is discussed, and a detailed 
account given of the effect upon the sparking ability of the plug produced by 
changes in the values of the electrical resistance of the fouling and of the capa- 
cities in parallel with the plug and with the magneto or coil. Experiments 
confirm the main features of the simple theory. The points of difference 
between the conditions as postulated in the simple theory and the conditions 
actually existing are enumerated and their bearing upon the design and oper- 
ation of the series gap discussed. The ensuing section is devoted to a dis- 
cussion of the design of series gaps. 

It is concluded that the series gap may be used as a remedy for a considerable 
part of the trouble due to the fouling of plugs which is met with in practice, 
since it has been found possible by the use of a series gap on an average ignition 
system to spark a plug having a fouling resistance of only 4,000 ohms. 


NOTES ON THE PHYSICS OF THE HIGH TENSION MAGNETO.! 
By F. B. SILsBEE. 


N connection with the study of various problems relating to ignition appar- 
atus used on aviation engines, it became hecessary to develop a fairly com- 
plete and definite theory on the phenomenon occurring in the operation of the 
high tension magneto. Literature on this subject is very meager and the 
information in regard to it has been confined to a few manufacturers, in par- 
ticular, the German Bosch Company. 
The cycle of operations can be divided into six periods as follows: (1) The 
building up of the current in the primary winding; (2) the rise of voltage during 
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the short interval between the opening of the primary breader contacts and 
the breakdown of the spark gap; (3) the initiation of the spark and the initial 
discharge of the primary and secondary capacities into the spark gap; (4) the 
continuation of the spark and the discharge of the magnetic energy of the coil 
into the spark gap; (5) the brief period during which the spark is extinguished 
and the condensers further discharged; (6) the period of rest prior to the be- 
ginning of the next cycle. 

During each of these periods the conditions of the electrical circuits are 
definite and the theory of the phenomenon can be worked out to a greater or 
less extent. Between each period and the succeeding one there is an abrupt 
change in the circuit conditions and the differential equations proper to one 
period do not apply to the others. 

Methods of testing are needed for measuring the various constants of the 
circuit which determine the performance of the system. Such methods have 
been developed for measuring the ratio of turns and magnetic coupling between 
primary and secondary windings, the maximum voltage developed at break, 
and the heat energy in the spark. 

The oscillograph has proved a very powerful tool in analyzing the operation 
of the device, but the ordinary forms are not of sufficiently high period to 
indicate the variation of the current during periods 2-3-5. Methods are now 
being developed which it is hoped will indicate the magnitude of the eddy 
currents in the iron core and the secondary capacity of the winding. The 
results of these investigations have been published at intervals in the series 
of Aeronautic Power Plants Reports issued by the Bureau of Standards, and 
in the reports of the National Advisory Committee for Aeronautics. 


BUREAU OF STANDARDS, 
WASHINGTON, D. C., 
April 9, 1919. 


ELECTRICAL CONDUCTION IN PORCELAIN.! 
By F. B. SILSBEE AND R. K. HONAMAN. 


HIS report describes in some detail the preliminary experiments which 

were made at the Bureau of Standards on the conductivity of spark 

plug insulators in order to develop a satisfactory comparative method for test- 

ing various materials. The measurements were made at temperatures between 

200 and 900° C., and with both alternating and direct current at voltages as 
2,000 volts. 

The results obtained confirmed the experiments of earlier observers at lower 
temperatures, in indicating a very rapid decrease of resistance with increase 
of temperature in porcelain, mica, fused silica, and similar materials. This 
decrease is, however, a gradual one and there is no definite temperature at 
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which the material suddenly changes its properties. The results of con- 
ductivity measurements can be most conveniently expressed by stating the 
temperature (7,) at which the material has the arbitrarily selected resistivity 
of one megohm per centimeter cu be. 

The measurement with direct current showed the presence of disturbing 
polarization effects which make the apparent resistance of the specimen vary 
with the magnitude and time of application of the measuring voltage. This 
effect can be eliminated by the use of alternating current in making the meas- 
urements. 

There is a wide field for further investigation of this subject, as the mech- 
anism of conduction in this class of materials is very complex. 

BUREAU OF STANDARDS, 
WASHINGTON, D. C., 
April 9, 1919. 


THE MOTION OF A ROTATING PROJECTILE.! 
By Horace C. RICHARDS. 


I. The effect of rotation on the path of a projectile. 


a the flight of a rotating projectile its motion is continuously 

modified by the action of the air upon it. This may be conveniently 
considered as made up of three parts: (1) The principal action is the resistance 
in the axial plane (the plane through the tangent to the path and the axis). 
This produces three effects: it diminishes the speed, it curves the path in the 
axial plane toward the line of the axis, and it produces precession of the axis 
around the line of flight. (2) The second action is the frictional force due to 
to the rotation. The principal effect of this is to decrease the rate of spin. 
If however the axis of the projectile does not coincide with the line of flight, 
the force is greater on the advancing side, so that there will be a resultant force 
tending to curve the path at right angles to the axial plane and a couple tending 
to decrease the tilt of the axis. (3) Finally there is the shift of pressure due to 
the rotating air. This will produce a force and couple which will in general 
oppose and at low velocities overbalance those due to the friction. At high 
velocities it is probable that this effect is of much less relative importance. 

The naval 14-inch armor piercing shell was taken as a type and estimates 
made as to the magnitudes of the various effects. If data of sufficient accuracy 
were available the motion of the axis could be followed by a step-by-step 
method. More experimental data on center of pressure, air friction, etc., at 
high velocities is therefore very desirable. 
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II. Effects due to disturbances at or near the muzzle. 


In addition to the disturbances which continue during the whole flight of 
the projectile, a number of causes acting when the projectile is at or near the 
muzzle modify the initial motion and so affect the subsequent flight. The 
most important effect is an unsymmetrical periodic displacement or wabble 
of the axis. The amount of this effect was estimated in turn for the following 
causes: (1) Angular displacement of principal axis of inertia, (2) lateral dis- 
placement of center of gravity, (3) vibrations of the gun, (4) jump and whip 
of the gun, (5) blast from a neighboring gun, (5) irregular escape of powder 
gases. It was concluded that in the case of the 14-inch shell the effect was 
probably small in each case. 


III. The Decrease of Spin. 


A review was made of the scanty evidence available concerning the loss of 
spin of a projectile. The only data published refer to shells of from 3 to 4 1/2 
inches caliber with velocities of 1,600 ft./sec. or less. While theory suggests 
that the logarithmic decrement of the spin varies inversely as the caliber, it is 
doubtful how far these results may be extrapolated for shells of different size 
or for higher velocities. 


BUREAU OF STANDARDS, 
April 23, 1919. 


PROPERTIES OF INSULATING MATERIALS OF THE PHENOL TyPE.! 
By J. H. DELLINGER AND J. L. PRESTON. 


GENERAL investigation of the electrical and mechanical properties of 
bakelite dilecto, bakelite micarta, formica, and similar materials, has 
been in progress at the Bureau of Standards for the last year and a half. The 
principal object in view was to secure data which would assist in the selection 
of suitable insulating materials for use in radio apparatus. These materials 
are made by the impregnation of layers of paper with a particular kind of 
phenol varnish under fairly high pressure and temperature. Samples of the 
materials manufactured by the various principal companies were included in 
the investigation. 

Measurements were made upon the electrical, mechanical, and thermal 
properties of the actual sheets as regularly supplied for commercial use. The 
data obtained are thus directly applicable, not being vitiated by having to 
manufacture samples especially for test purposes. For the measurements at 
radio frequencies, condensers were made up, using an actual slab of the material 
such as is used in the construction of apparatus. The principal high-frequency 
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property measured is the power factor. Dielectric constant is simultaneously 
obtained. Measurements of the effects of high voltage at radio frequencies 
were also made. The other properties measured included volume resistivity, 
surface resistivity at three humidities, density, moisture absorption after 
twenty-four hours’ immersion, thermal expansivity, tensile strength, transverse 
strength, permanent warping, impact strength and hardness. 

Special methods and apparatus for rapid measurements were devised in 
connection with a number of parts of this investigation. A number of inter- 
esting properties were observed. These include the effects of varying per- 
centage of varnish in the completed product. An electrical characteristic of 
much interest is the flashover voltage. It is impossible to assign a particular 
value of flashover voltage to a material, because it varies with a great many 
properties, and it depends furthermore upon the shape and size of sample and 
electrodes and many other functions. Nevertheless, it is found that the phase 
difference is a very good criterion of the flashover voltage. Partially on this 
account, the most of the work has been concentrated upon the phase difference 
measurements. The manufacturing companies have codperated in this 
investigation, and have, in some cases, utilized the data obtained to make 
improvements in their product. Some of the same kinds of measurements 
have been made on moulded materials using the same basic product, and the 
future work upon this investigation will include a large number of moulded 
materials. 





